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INTRODUCTION
AND
REVIEW OF LITERATURE

The resemblance between relatives 1s one of the baslc
genetic phenomena displayed by metric characters, snd the
degree of resemblance 1s a property of* the character. that
can be determined by relatively simple measurements made on
the populafion without épecial experimental technique. The
degree of resemblance provides the means of estimating the
emount of additive genetic varience, and it is the propor-
tionate amount of additive variance (i.e., heritability)
that chiefly deteﬁnines the best breeding method to be used

for ilmprovement.

Genetic correlation between relatives gives a consistent
measure of resemblance between them and hence can find a lot
of epplication in genetic basis of selection. The correlation
between common relatives such as full sib or parent-offspring-
takes a vélue'of half and the correlation between half-sibs
takes a value of one.fourth under an equilibrium random
mating population. But when regular systems of inbreeding
is practiced, the correlatiqn coefficlent between the relgtives

increases with the degree of inbreeding.

bDifferent authors have proposed apparently very different
methods of obtaining the genotypic correlations between

relatives under different inbred systems. One among them is
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a.straightforward but long procedure by whiththe absoluté
frequencies of the various combinations of the stated
relatives in the general population are fi#st found out
and then the correlation i1s calculated from such a

. Ycorrelation table'. The éorrelation between full-sibs
under differenﬁ generations of full-sib making system have
been obtained by Li ('Population Genetics', Pagei119) by
such a long process. The procedure of obtaining the |
frequencies of uncle-nephéﬁ or first cousin comblnations
is entireiy too tedious even‘with the help of matrix
notations.(Hogﬁen, 1933). Thus the algebraic methods
beéome cumﬁersome when used for the more complex of irregular

inbreeding systems or for more than one palr of genes;

_ An entirely different technique developed by Wright
(1921) utilises the concept of path coefficients. This
metyod gives the required correlation coefficlent almost
instantly. once!' the relafionship is specified, but does
.not give us any'information about the frequencles of the .
various combinations of the relatives iﬁ the population.
Moreover, one has to be familiar with the mathematical
therams concerning the path coefficients befofe he can use
them to derivée the required correlations. The factors |
defined by Fisher are precisely the same as the path
coefficients defined by Wright, | |

The full specification of all the properties of

populations which have undergone a specified number of



generations of inbreeding according to some system of
consanguineous mating has not been made by any of the

above authors.

Fisher (1949) developed a generation matrix theory
by which all the properties can, with .sufficlent labour,
be elucidated. The method provides a simple and flexible
method of working out the frequencies of different types
of mating under regular systems of inbreeding. The method
was first presented in the literature apparently by Bartletﬁéa
and Haldane. Though the progresg towards heterozygosiéﬂﬁ
for sex-linked character was studied by'Fisher and Hadane
(1937, 1955), they gave only a general treatment of the

subject.

Kempthorne (1955) calculated the correlation of
parent-offgpring pairs and full-sib pairs in generations
of full-sib mating by making use of the generation matrix
theory. Horner (1956) worked out the correlation of
parent-offspring pairs and fullsib pairs in generations of
parent-offspring mating. But both these workerségglyﬂwith
autosomal genes only. Korde (1960) worked out the correlation
between relatives for a sex-linked character under full-sib

mating by making use of the generation matrix theory.

The generation matrix method is based on the primltive
concepts of the genotype and the results of Mendelian.

segregation. The method gives the mating types in an



arbitrary generation arising from an arbitrary popuiation by
a regular system of ;nbreeding. If the.frequenCies of mating
types are arranged és a column matrix, say, £, and generations
" are denoted by subscripts in parenthesis, then _f_(n) = A ;._(n-.-‘l)

where A 1is the generation matrix. Hence it follows that
- NE I W ()

This shows. that the frquéncieé in the n°® generation can be
wqued out if one knows the matrix A as well as the initial
vector igﬁo).' By this method the joint distribution of palrs
of.felativea at any generation of 'a specified system: of

:m;%;;zzgzd thus the correlation 1s worked out directly from
| the tﬁo-way table of the relatives, known as the "correlation

table" .

The method of stochastic process and its final reduction
to some basic matrices, introduced by Li and Sacks (1954),
under the name I.T.0. method, provides the fregquencies of
various relative palrs and thelr correlation in a very simple'
msnner. This method 1s festricted to a single locus with

two alleles, under random mating.

The stochastic matrices, I, I end 0 are matrices of
conditional probabilities. From these three basic matrices
the matrix of conditional probabilities ﬁor'bilineai or
unilineal relatives can be worked out. Using them "the
correlation table" snd the correlation between relatives

can be easily worked out.
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Eventhough Fisher, Haldane and L1 derived the generation
matrix for full-sib mating with sex-linked genes, it is in
fact Korde aﬁd George who made use of this generation matrix
technique in studying the inbreeding systems. George (1974)
conducted a detailed study of parent-offspring and full-sib
correlations separately under full-sib mating and parenﬁ-'
off spring mating systems, both for sutosomal as well as
sex-linked genes. Two methods viz., the I.?.O method,
employing stochastic matrices, as wéll as generation matrix
methodology, have been studled. The I.T.0 method applicable
to the single locus with fwo alleles. is extended to multiple
allele case under random mating, Further, he found that in
general, the I.T.0 mefhod is not applicable to inbred
gopulafions. However, for autosomal genes and in the case
of parent=offspring mating system{ thg joi;t disffibution‘of
the parent-offspring relationship could be expressed in terms
of T and F (suitably defined) matrices. In the case of
sex—linked genes the 1.T.0 method was found to be applicable
for finding the Jjoint distribution and correlation céefficient
for brother - brother and fathgf—son relationships, both for
full-sib as well as parent-offspringpmating system. Further,
a general theofy for obtaining the correlation between one
v arent and k offspring as well as the correlation between
both the parents and k offspring under a given system of

mating have been developed ooth for autosomal as well as

se-linked genes.



A1 these authors confined to the two systems of inbreeding
namely full-sib mating and perent-offspring mating, for
autosomal as well as sex-linked characters. Inspite of_the
fact that the rate of increase in homozygosis is faster in
full-sib mating than in half-sib mating, full-sibs are not
avallable in large numbers and sometimes may not be avallable
at all. In livestock in which a great number of females may
be mated to one sire, half-sib mating is perhaps the most
rapid practical method of fixing characters, for the rate of

increase in homozygosis is fairly rapild.

Half~gibs are individuals having one parent in common
- and the other parent different. A group: of half-sibs is
therefore the progeny of one individual mated to a random group

of the other sex and having one offspring by each mate.

As the generation matrix in the case of half-sibs us.
not’easilﬁ possible, a detailed study of the derivation of the
Joint distribution of half-sib palrs and the correlations
therefrom has ' not been conducted so far. However, Li, in his
book entitled 'Population Genetics, (1956)! have established a
genefél formula to determine the correlation coeffictent
between different relative palrs such as full-sibs, parent
and offspring, half-sibs in different generations of the
specified mating system, from the corresponding inbreeding

coefficient. It is as given below:
n = 1+ 6F' + Fnm (1)
4 (1 + F')




where .

F = inbreeding coefficient in the nth generation

F'= inbreeding coefficient in the‘(n-1)th generation

FY = inbreeding coefflcient in the (n—2)th generation

and m = correlation coefficlent in the nta ggneration.

' The inbreeding coefficlient in the different generatiéns
of half-éib mating can be obtained using the recurrence
relation

F o 1 (nEF e — (2
" established by Li, by using path method. Thus by using the
relationships (1)-and (2), Li could obtain the correlation
coefficients between half-sib pairs (paternal) in different
generations of half-sib mating, directly. As for the numerical
‘values of the correlation coefficlent fhe method is quite
. slmple; but it does not givé any ihfonmation,about the absolute
frequencies of the half-sib mating types and their joint

“distribution in the different generations of half-sib mating.

An attempt has been made by George (1979) to étudy the
half-sib and parent-offépring correlations under the first
three generations of hélf-s;b mating, in the autosomal gene
case, assuming single locus with two alleles. - The correlation
tables of helf-slb ﬁéirs have been derived from first principles
while the Jjoint distribution of parent-offspring pairs 'ére
obtained by the generation matrix technique. Further, he
proposed a general theory fof obtaining the. correlations

between both the parents and k offspring as well as the



correlations between one of the parent and k offspring, in
the autosomal gene case. The corresponding results in the

———

sex-linked gene case have not been delt_with.

. In thig thésis, an attempt is made to extend the results
obtained by George (1979) to the fourth generation of half-
sib mating and hence generalise the resﬁlt for'the nth
generation of half-s;b mating. &n attempt is aléo made to
extend this theory to the case of sex-linked genes, singie
locus with two alleles. The stud& is divided into two
chapters, viz., Chapter I and Chapter 2. Chapter 1 concerns
with autosomal genes -‘the study of half-sib correlations,

one parent-one qffspring correlations, .coth the parents -

several offgpring correlatlons, and one parent - several

offspring correlations is made under different sections. In

Chapter 2 , a study of correlations of the various types of

half-gib pairs and parent—offspring pairs, assuming sex-linked
a .

genes,is delt with. '



RESULTS



CHAPTER 1
AUTOSOMAL. GENES

4.1 CORRELATION BETWEEN HALF-SIB PAIRS UNDER HAIF-SIB MATING
('. .
A number of systems of mating between half-sibs may Dbe

defivéd. Here we congider only the simplest system of one
male mated with an infinite'number of his half=-sisters, who
are 5130 half-sisters to each other (Fig.1) As the generation
matrix for half-sib . mating system is not available, the joint
distributions between half;éib: pairs are.derived directly from

the first principles.

O

HAVE-SIR, 1 _HALF- 5109,

Flg:4 . MATING BRTWEEN ONE MALE AND HIS HALF-SISTERS
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The joint distribution of half-sib palrs under random
mating can be obtained as follows. Consider a single locus
with two alleles A-a with proportion p and q respectively.
Here the constitution of the male can be AA, Aa or aa. Let
the male be AA. Now the proportion of the hglf-sib pairs
can be obtained considering the mating between a male to his
half-sisters, who are also half-sisters to one another as

AA (p2AA + 2pgAa + q?aa) = DpAA + gda -
Let the male be Aa, then the proportion of the half-sibs can
be obtained as
| Aa (p2AA + Zpgha + q2@a) = % DAA + %Aa + 3qaa
Again, let the male be aa, then the proportion of half-sibs
can pe obtained as

aa (pZAA + 2pq Aa + qzaa) = p Aa + g aa
combining all these three cases we get the table of proportion
0of half-sibs for the different constitutions of the male as
given In table 1.1 o

Table 1.1
Half-sibs
AA Aa aa
AA
(p%) D q 0
Males Aa
(2pq) %D % 2q
aa
(d® o D q
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Now conéidering all the half-sib pairs under each male we
get the followlng table 1.2
| Table 1.2

(R (AE, A (A, ) (B, AA) (Aa; Aa)( Aay oa) (aa; AR) (a3, Aa) (a2, 2a)

AA : ,
(132) pz Pa 0 pa q 0 0] o - 0
' 2

Ag i 1o tra  fp 1 ta  fpa  iaq 1q
(2pq) .

: 2 . - 2
aa 0] 0 o) Y P pa 0 s Lo} q
(a®) -

Hence the joint distribution of hzlf-s5sib pairs under random
mating can be obtained by pooling the corresponding palrs by

welghting with p2, 2pq and q2 according as the male is AA, Aa

and aa respectively, as shown in table 1.3

Table 1. 3

Correlation table of hglf-sib palrs under random mating.

Half-sib 1
AA . Aa aa Total
AA %93(1+p) épzq(1+2p.) ' %png p2
Half-sib 2Aa #p2q(1+2p) 2pq(1+4pq) 3pq%(142q) 2pq
aa #p2q° - $pq2(1+2q) %Q3(1+Q) q®

Total p? 2pq - ;
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The correlation coefficient between half-sibs under
random mating can be obtalned directly from the table by

using the product moment correlation coefficient formula as

rI('I?)S = % = 0-25 s (1-1)

The joint distribution of half-sib pairs under the first
generation of half-sib mating cen be obtalned directly by
conslidering different lines as follows. There are three
lines in this case. They are line (1) corresponding to

2 2nd with the genotypic array

the male AA with proportion p
of half-sibs pAA + q Aa; line (ii) corresponding to the

male Aa with proportion 2pq and with the genotyplc array of
the half-sibs 4p AA + #Aa + %q aa and iine (1i1) corresponding
to the male aa with the proportion q2 and with the'genotypic
array of half-sibs pAa + qaa. The procedure consists of
findihg g two~-way table of the frequencies of half-sib palrs
corresponding to each iine'and then pooling these tables‘tq
get the jolnt distribution of half-sib pairs by weighting
‘them with respect to the proportion of the different lines.
'In the first generation of half-sib mating, the two-way table
of half=sib pairs corresponding th:.- the 1line (i) is obtained

as given in table (1.4)

Table 104
_____________ AA An aa Totgl
AA 76 (1402 (143p)  § a(1+p)(1+20) TzaP(14p) 3(14p7)
Aa da (14p)(1+20)  #a(14p9) _;.qz 2q(1+p)
2 2 2
aa 1 a“(1+p) 1q 1
6 B =5 H




Similarly the two-way table of half-sib pairs corresponding

to line (ii) and line (iii) can be obtained as given in table

1.5 and table 1.6 respectively.

Table 1.5
R e TR
Mg+ () S5 (1+2p>(1+p+zpq> Tas(1+2) (1420)  Hé1420)?
ha 1 (1+20)(14p+2pq) 52¢5+200) 32(1+2q;(1+q+29q) 1(3+49q;
- T%§(1+2p)(1+2Q) . 3; A_(1+29)(1+q+2pq) —-—(1+2q ){1+4q) Tl_%_('l'*'2c.l
Table 1.6
T S
AA —%g p> 1 p2 _%Bp2(1+q) 4p”
Aa %92 %p(1;éq) %p2(1+q)(1+2q) 2p{1+p)
aa _%692(1+q) ,%q(1+q)(1+2§) %g(1+q)2(1+3q) 3(1+q)2

Now, pooling these three two-way tables corresponding to the

‘lines (1), and (i1) and (iii) by veighting with p2, 2pq and g

respectively, we get the joint distribution of half-sib pairs under

the first generation of half-sib mating, as given in table 1.7
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Table 1.7

Cofrelation table of half-sib palrs under the first generation of
half-slb mating.

Holf-$6 2

Half-sib 1

T T T T Taa Totel
----------- N 2 y

AA _6‘{;9(1+11p+36p +16p~) _1_162‘:1(_1+9p+8p ) E%eq(%%pq) %p( +7p)

‘ 2 ' 2

A 1pa(1+9p+8p~) 1pq(9+16pq) 1pa(1+9q+8q°) q

2 e 13 = £ |

aa ,s:lneq(3+16pq) T“lsaq(1+9q+8q2) %]Eg(1+11q+36q2+16.q3) %q(1+7q)
Total %p(1+7p) %Pq %Q(1+TQ) 1

A S e S T et e e ek oA T el ek S S S A A P SAD P Sl ek Sul m gl S D G S A . e S o S S B PP S G el e S - — -

directly from this correlation table as
(1) — ‘
Ty g = 04389 (1.2)

In the same manner the Jjoint distribution of half-sib gairs
under the second generation of half-sib mating can be obtained.
Here there are seven lines we have to consider. These seven lines
have come from the three lines of the previous generation, two
from the first, three from the second and two from the third. By
pooling gll the two-way tables obtalned from these lines by |
welghting properly we can éet the final correlation table for the
half-sib pairs in the second generation of half<sib mating as
given in table 1.8 |



Table 1.8

Correletion table of half-sib palirs under the second generation of half-sib mating

Half-sib 1
o MMk b B
AL Taézp(45+315p+560p2+104p3+é4pq2) ‘%%5(59+256p+128p2) %g§£61+j289q) ‘3%F7+25p)
Half-sib ia. %%5(59+256p+128p2) %%6(1h9+128pq) %%g59+2563+12892) %gpq
" o110 ) Gy
] Total _J;{p(7+?5p) ------ ) %gpq ----------- _;_;2_:Q(7+2;q) ) “; ------

The correlation coefficient between the half-sib palrs under the second generation of
half-sib mating can be obtained directly from the correlation table as

r(z) = " 0.5

(1.3)
H, S

GT
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In the same manner the correlation table of half-sib
p-irs under the third generation'of halffsib'mating can be
constructed by consideringt;eVenteen lines, obtained from
the seven lines of the pfevious generation, Out of these
seventeen lines, two lines have come from the first line,
three from the second, two from the third, three from the
fourth, two from the fifth, three from the sixth, and two
from the seventh line of the previous generation, By pooling
the two-way tables correspoﬁding two each of the seventeen
lines after properly weighting, the correlation table for the
half-sib pairs under the third generation of half«sib mating

can be obtained as given in table 1.9,

The correlation coefficient of half-slb pairs under the
third generation of half-sib mating can be directly obtained

from this correlagtion table as

H.S5



. Table I‘|09_ .

Correlation table of half-sib pairs under the third generation of half-sib mating

Half-sib 1
AA As
AA p(1461+7275p+6624p 241024p°) 1 pq(1251+3312p+1024p )
To3en 8192
Half-sib 2 _ 1 pq(1251+3312p+1024p2) ._1__pa(4554+2048pqg)
Aa 8192 5192
aa __1_pq(1029+1024pq) ____EQ(1251+3312q+1024q )
T838L | ' 5192
Total 1;89(39+89p) 80 pq

——— i o e g g S T S - acl I - W S ey

?%gghpq(j029+102hpq)

Qg(1251+3312q#1024q )
8192

(1461+7275q¢6&24q 4
638%
1024q )

_1_g(39+89q)
128

LT
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In a similar manner, the correlation table for half-sib
pairs under the fourth generation of half-sib mating can be
obtained by considering the fourtjone lines obtained from the
geventeen lines of the previous generation. Out of these '
fourty one lineé,'two lines have come from_the first line of
the previous éeneration; three lines ﬁave come from the second,
two lines from the third, three lines from the fourth, two
lines each from the fifth and sixth, three lines from the
seventh, two lines from the e}ght, three lines from the ninth,
two lines from the tenth, three lines from the eleventh, two
1inés each from the twelfth and thirteenth, three lines from
the fourteenth, two lines frgm the fifteenth, three lines from
the sixteenth and two lines from the seventeenth line of the
previous generation. Correspoﬁding to each.of these fourty
one lines, a two-way table of frequencies of the half-sib
pairs can be obtained. Then the correlation table of half-
sib péirs under the fourth generation of haglf-sib mating can
be obtained by pooling these two-way tables after weighting
them with appropriate weights. The Joint distribution of
half-sib pairs in the fourth generation of half-sib mating
1g as given &n table 1.10. The correlation coefficient of
half-sib palirs under the four%h generation of half-sib mating

can be directly obtalned from this dorrelation table as

(4) - 5
I‘H. s = 0.650 . . === (1.5)



Table 1.10

Correlation table of half-sib pairs under the fourth generation of half-sib mating

. _ Belf-sib 1 . o _
AA Aa . aa .
2
AA 1 (37989+134427p+81536p 24819 2p°) 1 pq(2297‘1+40768p+61929 ) 2 q(15909+8192pq)

T 26274L 15107 2 ’%—Eiz 21
o .
o Aa ____pq(22971+l;o7689+519292) 1 pq(67402+1638Lpq) ______gq(22971+140768q+
> 131072 131072 131072
< 8192q%)
3
T aa 1 pq(15909+8192pq) a( 22971+40768q+8192¢°) al 37989+134427 g+

26294L 131072 2621

81536q +8192q 3y
Total ____p(195+317p) ﬂ% pQ _1_a(195+317q) 1

: 512 25 512

61

- b
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Proceediﬁg similarly the correlation coefficlents of
half-sib pairs under the fifth, sixth, etc generatlions of
half-sib mating can be worked out directly from the
correlation tables, by assuming additive genetic effects
and using the product-moment correlation coefficient'
formula. The correlation coefficient of half-sib pairs
under the first ten generafions of half-slb mating is
given in table 1.16 and thisecorrelations are exhibited

gréphically in fig.2 by curve 2.

It is apparent from the figure that, as the number
of generation increases, the correlation between half;

slb pairs also increases.




1.2 CORRELATION BETWEEN PARENT-OFFSPRING PAIRS UNDER

HAIF-SIB MATING

The joint distribution of parent and offspring in the
n®® generation of half-sib mating with single locus with
two alleies A and a with proportibns 'n' and 'q' (= 1-p)
can be obtained by pairing one of the parents with an
off spring obtalned from the respective mating, out of the
nine types of'half-sib matings, viz., AA x AA, AA X Aa,

AA X ga, Aa X AA, Aa X Aa, Aa X aaz, aa X AA, aa X Aa, and
aa X aa. Here we consider the mating between a fixed sire
and his daughter, grand-daughter, etc. The generation

matrix in this case has been obtained by George (3) as

ﬁma'l ¥ 0 o o 0 o 0 0

0 % 1 0 0 0 0 0 0 {

o 0 O o 0 © o © 0 |

o o o % % o o o ‘olf

5,,*0- o o % % % 0o o o (1.6)

0 0 0 0 & % 0 0 OH

0 .0 O 0O 0 O o o0 o §

0O 0 O 6o 0 o0 1 % o §

0 ¢ S 0 o0 0 0 % 1

b : .

Thus the joint distribution of parent-offspring pairs under

th

the n™" generation of half-sib mating can be obtained as:

FAL . B uln). ——— (1.7)
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where

j;cn) 1ls the column vector of freguencles of parenﬁ-offspring

th

pairs in the n™" generation of hglf-sib mating andngﬂn) is

the cglumn vector of frequencies of half-sib mating types in

t

the n h generation of half-glb mating, as already obtalned in

section 1.1.

Thus,‘gﬁ1), the column vector of frequencies of half-sib
pairs obtained after random mating (i.e., half-sib mating
types in the first generation of half-sib mating) is as given

below:

#p7(14p)
3p%q(1+2p) |
%2 t
#p2q(1+2p)
= 3pq(1+4pq) : (1.8)
- dpd(e20) ]
3p%g?

_%pq2(1+2q)
3q°(1+q)

o)

3\39‘60 ] OEK‘J&.Q

Thenj§(1) the column vector of frequencles of parent-offspring

pairs in the 1St generation of half-sib mating can be obtained as

240 5y

e~
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Therefore,

10%(1430)
; 3v°%q x
L .

1 0

%pq(1+6p)

Pq

(1 .
z = %pq(1+6q)

(1.9)

0

y %pq2

L 2q%(1+3q)

Umoo ) «xma

Hence the joint distribution of parent-offspring palrs in the
first generation-of half-sib mating can be obtalned as given

in the table (1.11)
- Table 1.11.

Correlatlion table of parent-offspring palrs in the first

generation of half-sib mating.

Off spring
' AA Aa aa Total
| AL 3p%(143p) " $p%q - 0 p?
Parent Aa  ipq(1+6p) rag- dpg(1+6q) 2pq
B , . _ - B
aa O o 2pq® 2q%(1+3q) e

Tl — T  w — —  —n S — Y S S T e A A — gy el w— S g
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The correlation coefficient between the parent and offspring
in the first generation of half-sib mating can be obtalned from
the above table assuming additive genic effect and scoring

AA, Aa, aa as 2, 1, O respectively, as

1 o o.s892 ceee (1.10)
H.S P.O :

The column vector of frequencies of half-sib mating types
in the second generation of half-sib mating is

;o TTEED

1 p(1+11p+36p2+1693)
Bl

b —_1

?%?q(1+9p+8p2)
°6%_pq(3+16pq)

1_paq(1+9p+8p
6

e MO,

2)

(2) ?%Eq(9+16pq)
.;%;pq(1+9q¢8q2)

g pa(3+16pq)

(1.11)

L%

D, SR ST M IO R, RO

1 _pa(1+9q+8 2y
1ﬁ; q+8q~)

1_pa(1+11q+36q2+16¢°
B * o

2
Hence Z( ) = B U(Z) and the correlation table of parent-offspring

pairs in the second generation of half-31b mating can be formed

from 2(2) as, Table (1.12)

s
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Table 1-12

Correlation table of parent-offspring pairs in the second

N generation of half-sib mating
Offspring

T T T T T aa Total

AA 1 p(3+27p+34p2) 4 _pa(5+3Lp) 0 1p(1+7p)

_ EZIP ? B'Ep 8
Parent Aa %qu(11+34p) %pq %nPQ(11+34Q) % Pq

' 2

a 0 1 pa(5+34q) 1 _a(3+279+34q°)  1a(1+7q)

? B‘Ep oL S 8
Total 1 p(7+25p) %gpq 1 a(7+25q) 1

R — kg S e St S g S e D S AN o A ek e e S G U Sy S Y S S D G Ve S G S A s e e SN e Sl G S S S G S S Sy LS WD SR~ el il g e .

Hence the correlation coefficient between parent-offspring
palrs in the second generation of half-sib mating can be directly

obtained from the above table as,

2

= 0.6672 - (1.12)
H.s P.O

The column vector of frequencies of half-sib matihg types

in the third generation of half-sib mating is
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| 45431 5p+560p 2+10kp +2hp 2q).
'102

_4_pa(59+256p+128p2)

52 ‘ g
T%EEPQ(G1+1289Q) g
d
X
§
§
g
E

I

52

( 1_pal 149+128pq)
25

A

|1 _pq(59+256p&128p2)
3)
= (1 13)

2
512

pa(61+128pq)

.__JQQ(59+256q+128q
g 102

_1_pa(50+256q+1 28q%)
51 5 i

(h5+315q¢560q +104q +24pq2)
1OZE

So the column vector of the jolnt distribution of parent-offspring

peirs in the third generation of half-sib mating can be obtalned

as, _
23 o 5 (3

[

and the corresponding correlation table is as.given in table (1.13).

(3)
The correlation coefficlent, Hos¥  P.O » of parent~offspring

pairs in the third generation of half-sib mating can be obtained
;rbm this table as,

r(3) = 0.,7248 s (1e14)
H.S P.0
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Table 1.13

Correlation table of parent-offspring pairs in the third

generation of half-sib mating

Offspring
T T T ae Taa Tt
AL _1 p(13+67p+48p2) _1_pa(15+48p) 0 _1p(7+25p)
108 R F: 52
Payewt Aa 1pal13+24p) 25 pq 1 pal13+24q) 25pq
W & 5 o £2°
aa O 1 pq(15+48q) _1_a(13+67q+48q%) 1_q(7+25q)
128 198 %2
Total , p(39+89p) 89pq 1 a(39+89q) 1
728 E%p 128

A s s e T T S S — U VAR A S A S YD S S —

The column vector -of frequencies of half-sib mating types
in the fourth generation of half-sib mating 1is,
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= . o
_%f_ﬁp(1461+7275p+6624p +1024p
163854

T

%)

_ 1 pa(1251+3312p+102p?) .
| B2

i
.-133%£?q(1629+1024p§) . 'E
{
5‘

' g _1.pq(1251+331 Zp+102hp2)
(4) 8192 . ‘ _
L (1.15)
1 pa(4554+2048pq)
. 8192 _
.1 pa(125143312¢+1024q2)
8192

1_pa(1020+1024pq)
?83§E;

_1_pa(1251+3312q+1024q
8102 ‘ :

2)

_%J_qu;( 1461+7 2‘?5q+6621+q2+1024q3)
1638

Hence E_( &)

T

|
5

5 y(®)

o’

and the correlation table of parent-offspring pairs in the
fourth generation of half-sib mating cen be formed from

;Z_(A) as given in table t1.14)



Table 1.14 ) N

Correlation table of parent-offspring pairs in the fourth generation of half-sib mating.

Ofi‘spring
AA Aa aa Total
AA (339+1167p+542p2) 1 pa(285+542p) 0 1 p(89+39
| "‘LEE szo = mp( p)
Parent Aa a( 441+5/+29) 356pq 1__pal(441+542q) 8 :
, por-n 512 om0 &R
| , )
28 0 : q( 285+5l+2q) 1 a(339+1167q+542q%) 1 8
- : WP 006 7 LguEerta)
Total _1_p(195+317p) 317pa | __a(195+317q) 1
512 25 512 .

. S TP S T S W . — o= S - = —— —— v S S — — s S S Y S D S TP ' Y e S S S U T S P S . . e o o S e S i e YA T D P R et S St el A S S A O

| Hence the correlation coei‘fiéient between p'arent-offspring pairs in the fourth generatién

of half-sib mating can be directly obtained from the above table as,

AW Lo eeen (1.16)
H.S P.0O :

6a
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The column vector of frequencies of half-sib mating types
in the fifth generation of half-sib mating is,

g

1 p(37989+134427p+81536p2+8192p°)
2621

1 pq(22971+40768p+8192p2)
737073

1 q(15909+8192pq)
2621

1 pa(22971+40768p+8192p2)
131072

§

§

|

(5. %
]

1____pa(67402+16384pq) 3
8

]

!

i

§

!

i

§

(1.17)

Il

T5107 3
1__pal 22971+40768¢+8192¢7)
131072

1 a(15909+8192pq)
262154 45

1 pa(22971+40768q+8192q
- 131072 '

2)

1___a(37989+134427 q+8153642+819 241
252TEE ) ~ )

f:‘ummamm P SO TN PP P MDA Set Y0 Y, PR,

Hence the column vector of frequencies of parent-offapring
pairs in the fifth generation of half-sib mating can be
obtained as

205 - g y(®)

—

and the corresponding correlation table can be formed from

Eg5) as table 1.15.



) Table 1-15

.Correlation table of parent-offspring pairs in the fifth generation of half-sib mating.

Offspring
AL Aa SR : Wi B
AA 1__p(1905+4757p+1530p°) 1_pq(1215+1530p) 0 _1_p{195+317p)
8192 8192 512 *
Parent Aa 1_pa{1215+1530p) 317pq _1._pa(1215+1530q)  317pra
8192 512 8192 . 25
aa 0 1 _ pa{1215+1530q) _1__a(1905+4757q+  _1_a(195+317q)
8192 8192 1530q2) 512 .
Total 1_p(919+1129p) 1129pq 1__a(919+1129q) 1
20 1024 2048
The correlation coefficlent, r(s) " 4 of parent-offspring pairs in the fifth genération
H.S P.O
of half-sib mating can be obtained directly from the correlation table as,
r(5) 0.8054 - (1.18)
H.S P.0O , &3
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‘In a similar manner, the Jjoint distribution and the
correlation coefficient for parent and offspring for the
sixth, seventh, etc. generations of half~sib mating can
be worked out. The correlation coefficient?between parent
and offspring in the first ten generations of half-sib
mating are given in the table (1.16). These correlations
are also'shown graphically in Fig.1 by curve 1. From the
figure it is clear that as the number of generation
increases, the parent offspring correlation also increases.
While comparing with the half-sib correlation coefficients
it is found that the parent-offspring correlation is of

higher order than the half-sib correlation.



Table 1.16

Correlations of half-sib pairs and parent-offspring pairs in the first ten generations of

half-gsib mating system.

Generatzo; --------- 6------;—-----5 ------ 5 ----- L ) -5 -_—-6 o 7 8--- 5_ 10
(n)
Half~sib correlation '
HSI,(n%I 0.250 0.389 0.500 0.58& 0.650 0.703 0.746 0.782 0.811 0.836 0.858
. S
Parent-offspring '
correlation 0.500 04589 0.667 0.725 0.770 0.805 0.834 0.858 0.878 0.894 0.908
H.S r(g)o | '

Notes Oth generation stands for random mating.



CORRELATION

__1.00

0.60 __
.50 _ |
1 — PARENT _ OFFSPRING CORRELATION.
2 HALF_-SIBCORRELATION.
040

0.90 __ - - J——

.80 __|

0. 70

0.25 2_I [ T
Q 1 2 3 < 58 G 7 1<) 9 10

! GENERATION _{

FlG: 2., HALF_.SIB CORRELATIONS AND PARENT_- OFFSPRING CORRELATIONS IN THE

AUTOSOMAL GENE CASE, UNDER HALF_SIB MATING SYSTEM




34

1.3 - CORRELATION BETWEEN PARENT AND K OFFSPRING UNDER

HALF-STB MATING SYSTEM

In quantitati&e genetic studies, the correlation
between one given relative and a number of indivliduals of
the other relative is used for predicting the breeding
value of the given relative. For instance, the correlation
" between one parent and several of its 6ffsprings prbvidgs
with the accﬁracy in predicting the breeding value of the
parent with the help of its offspring. It is a major
determinant in increasing the response to sélection. 'Tﬁe
behaviour of such correlations, esbecially in inbred
populations is not fully known. In this chapter, -the
correlatiﬁns between one parent and several 6f its offspring,
as well as, both the parents and several of its offspring
have been worked out in the lines of George and Narain (4),

for the first ten generafions of half-sib mating.

Theoretical Procedure:

The theoretical procedure for finding the correlations
between both the parents and K offspriﬁg and the correlation
between one parent and K offspring are exaétly same as that
of the autosomal géne case for parent-offspring mating and

full-sib mating expl'aine_d by George and Narain (1+);

Consider a single locus with two alleles A-a, -so that
with additive genetic affect we score the values of the

genotypes AA, Aa, aa as 2,1,0 respectivély., Again consider



o
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that there'are K offspring produced from the ﬁatings of
these genotypes. The scores of these resulting offspring
is then obtained by adding the scores of the individual
fospring. Tt is then obvious that the maximum score for
K offspring is 2K, when all the offspring are of the type
AA. Similarly the minimum score of ten offspring will bé
'O, when all the offspring are of the type aa. So far as
the scores of. parents are concerned, we have two distinct
cases. -In one we consider that the sum of scores of two
parents which.will range between 0 and 4 and in the second
case we consider only the score of one parent, ranging

between'0 and 2.

1.31 CORRELATION BETWEEN BOTH THE PARENTSAND K OFF SPRING.

Let the frequency of the nine mating types, viz., AA x A4,

AA x Aa, AA X aa, Aa x AA,'Aa X Aa, Aa-X aa, aa X AA, ‘aa X Aa,

2 % aa be uld), u®, uczg), -_ﬁc?g_‘,_ | o u(;zg ’u%),,u(ngz ,

ﬁ(gg , uég) respectively in the nth

-generation of the given
system of mating. In order to determine the probabilities of

K offspring'in each of these mating types we have to obtaln

the conditional probabilities of K offspring, given the
particular type of mating between two similar or two dissimilar
homozygotes, viz., AA x AA, aa X aa, AA X aay a3l the resulting
offspring will be of uniform types with probability unity.

In the case of mating between a homozygote and heterozygote

viz., AA X Aa or aa x Aa, the resulting offsprihg consists of
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homozygotes and heterozygotes in the ratio 1:1. The
probability generating function of the leém of the scores,

| sk(= Zytzote . Zk)’ will be C% (1+'z.l)’:) y similarly in

the case of mating between two heterozjrgot.es, the probability
generating function of s, will be C&(‘Hz)j'

a). '
Let Px ¥ represent the joint probability .of the sum
?
of scores of both the parents, as x, and score of offspring,
as ¥, where 0 £ x < 4 and 0y < Zk. It then follows,

Q)
- ul(n)

0,V ify=

= ' if ey < 2k -
() '
o, (n) k . .
Piy =| ™Mo " 07 (%) | ifogyek

'-_-._ ".ifk+1sy42k

|

é";,y - <n) 2z . ) (1) : iIf 0y < k-1
= gg)-i-uég) + u,&?) 21;) (%:)k P y=k
- w2 21‘)(%)“ N 'if_m;y < 2
g.j.,y. = 0 iIfo0 <Ly < k-1
() =[ o (n)] (EK Y)c'%)k hesy <
Phy = O iIfosy < k-1
- ugg) - iIfy = 2

These probabilitiks give the bivariate frequency table
for obtaining the correlation between x and y as given in

table (1.17).



LA = Pq? ELoTy

wCoye

Table 1 [ 1?

Bivariate table for the absolute probabilities of the scores of both the parents and k offspring

0 1 ... K ...
4 0 0 ... 0 ..

5 0 o ... (3)"(uyq 1, )

2 (8)%,, (1) () Ugg wee (B (2 ) o1s

1 (35 prg,) (%)k(k) (g * 01)..(%) () o* S

0 Y0 0 . . 0

Total ) S

A e e S et i i e e e - — —— e S - =8 - -

Ok ok Total
0 ... Uy, Uy,
K,k k ,
(77D (upptugy) (37 (apgiugn)  upgray,
2k ' 2
()7 (2 )“11 (8w U20*111*Y:
2k~1
0 © Y0+ 1
© | 0 Yoo
1
(J%]
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The correlation coefficient between both the parents
and kX offspring-can be calculated using the product moment
formula for correlation coefficlent by calculating = £x, foz,
S fy, S.fy® and =fxy from this table as,

Sfx = hu22+3u21+2u20+3u12+2u11+u10+2u02+u01 ces (1.19)
) ) .

FEx% 16Uy 1Ty Hils 1O L L B Yy (1.20)

=1y =k [2“22*3’2-“21'*“20*%“1 gty Ry R o+ g ) e (1.21)

S £y2e 4k oo (1 u,y, +k2u oo (KT, ¥k 21§+1 Jugg

2
k(k+1)u10+k u02+k(k+1)u01 coo (1.22)
2
Sfxy= k Bu,, +%u21+2u20+%u1 2+2u11+éu10+2u02+2‘u01... (1.23)

From these the variance of x, variance of y and the covarlance
of x and y can be worked out, and thus the correlation coefficient
between the scbres x and y in both the parents and k offspring

can be obtained as,

Ri;) = cov(x,z!' (1. 24)
v(x)xv(y)

The column vectors of frequencies of nine mating types
in the first, second, third etc. generations of half-sib mating
have already been derived from first principles, under
section (1.1) Now the bivariate table of absolute probabilities
of the scores of both the parents and k offspring under the first
generation of half-sib mating can be obtained by substituting
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fhe_gﬂ1) values from (1.8) in table (1.18). Hence the values,
of > fx, fo?jzfy, nyz, S’fxy and the correlation
coefficient between the scores of both the parents and k

offspring, r(1) (2,k), in the first generation of half-
HeS P.O

sib méting can be worked out using the formulae given in

(1.19), (1.20), (1.21), (1.22), (1.23) and (1.;2#) respectively.

Thus, h (1) —_
r (2,1{) =\/%]&_ s ae (1.25)
H.S P.O +5k

Similarly, by repeating the abdve process we can obtain

H.Sr(gzo(z’k) forn = 2, 3, 4 et. by substituting the vectors

ul2 y3) yt8) cte. given in (1.11), (1.13), (1.15)
respectively in the formulae (41.19), (1.20), (1.21),(1.22),
(1.23), and (1.24).

The correlation coefficient between both the parents
and k offspring in the first ten generations of half-sib
mating is given in table (1.18).
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Table 1.18

Correlation between both the parents and k offspring in the first

ten generations of half-gib mating.

ol e o e — S W - - - 0 e e e S e i e A e et R S R G R D W S e A e A i P ey S A 0 S

Correlation 5k 25k 117k -
coeffic1ent , 1+k L+5k 14+25k 50+117k 178+529k

H.s¥ P 0(2 k)

U kS A W S e Sl o P S ) e Y W S T e S S el

2333k 10105k 431%51{
3h+2333k 2258+10105k 80L2+4317 3k
s T
182497k 764909k 184009k
\//FBGEﬁ?T§§E§7_ J/1ozo1o+7 4909k -v/; 331 +3184009k

Note: 0th generation stands for random mating.
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It is interesting to note that the correlation
coefficients are of.-the form 1 yhere, a ls a
. f]:f;;‘——
. k
fraction changing with n, in the form of the following

gseries

at L4 b, 50, 178, 63h , «.s
5 55 2= 1 355

By glving different values to k from 1 to 10, the correlation

coefficients between both the parents and k offspring have
been worked out as given in table (1.19). These correlations
are graphically exhibited in figure 3, which gives the trend
of the correlation when the number of offspring varies fof

a particular generation. The figure indicates that the
correlation increases very rapidly for smaller values of

k, ie., when k = 1 to 4, and for further values of k,

the increase in correlation is very negligible. Further,
there is no significant increase'in correlation beyond the

Tth generation of half-sib mating, for all values of k.



Tzble 1012
Correlations between both the parents and k offspring -when k = 1 to 10, for the first 10

generations of half-gsib mating.

——— A Y - - —— — — - — -— Ll —

Gener tﬁ.on ' . .
n) 1 2 3 4 5 6 7 8 9 10
0 0.707 0.817 0.866 0.894 ° 0.913 0.926 0.935. 0.946 0.949 0.953 -
1 0.745 0.845 0.889 0.913 0.928 0.939 0.947 0.953 0.958 0.962

2 0.801 0.884 0.918 0.937  0.948 0.956 0.962 0,967 0.970  0.973
3 0.837 0.908 0.936 ~ 0.951 0.960 0.966 0.971 0.974 0.977 0.979
4 0.865 0,925 0.948 0,960 0.9678 0.973 0.977 0.980 0.982 0.984
5 0.887 0.938 0.958 0.968 0.964 0.978 0.981 0.985 0.985 0.987
6 0.904 0.948 0.965 0.973 0.9(78 0.982 0.98/{ 0.986 0.988 0.989
7 0.918 0.957 0.970 = 0.978 0.982 0.985 0.987 0.989 0.990 0.991
8 04930 0.963 0.975 0.981 0.985 0.987 0.989 0.990 0.991 0.992
9 0.939 0.968 0.979 0.984 0.987 0.989 0.991 0.992 0.993 0.993
10 0.947 0.973 0.982 0.986 0.989 0.991 0.992 | 0.993 0.994 0.994
r

bl
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1.%2 CORRELATION BETWEEN ONE OF THE PARENTS AND K OFFSPRING

In order to work out the correlation between one of "the
parents and k o..f;fspring for which fhis parent is common, we have
to pool the probabilities for three types of mating involving a
common parent. Let P(qu)r represent the joint distribution of
the score of- one parent as x and score of offspring as y, where

0 £ x <2 and0 < y <2k, It then follows,

_—

P(;—:.Y - (n) (&)k + u[()g) ' ‘ if v =' 0
- ) (%)k (n) | if 1€y = k-1
X :
= (%) u(()f,l)*r uc()g) if y=k
| - 0 ' | iIf k1 €y = X%
o G oD 4wy @) (n)
"1,y - (231,‘) (y) if 0 €y < k-1

'=( )(%)2" ‘n’+ IR FOEO LIS T S

%k (
. = (25)(%) u ﬂ (2k- )(%) (n) . if k1 <y < 2k
P2,Y = O . if Q&Yl‘ = k-1
- (n)(%)k+u(n) . ify=sk
(n)
== k -%' . -
_Y)u ()% if k+1 <y < k-1
= (BF u(g.)I % u(rglz.2 | | if y = 2k

These pwobabilities give the bivariate frequency table for; |

obtaining the correlations between x and y as given in table (1.20).



Score of b paraat

Table 1.20

Bivariate table for the absolute probabilities of the scores of one of the parents and k offspring

g D o P G ook WD G S S M S S — S —— S S — A i e S -

. | | Score of the offspring . .
0 1 .o k --. k= 2K Total
2 0 0 ()5 kv, +u (£)% ey B uyru,,  u,tuy
A (kg g o 2 (5 217722 T22721TT D
1@ By By, ¢ @F (B WF ra Ny BT e
11 10 (% )11 k) o) 11 1 5 ¥ 14
K k .k Ik
(%) G:)u,,o--- (3)" uyotuggee- (%) (15‘:) LN ()" uy,
2k ' J k -~ k ©
0 (%)% upl+uy, (%) C‘?) Uy, eee (%) Uy e e e 0 o Uy 5004 Py
Total 1
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The correlation coefficients between one of the parents

and k offspring can be calculated in the same way as in

2

section 1.31 by calculating Sfx, Sfx2, =.£y, Sfy° and =fxy

from this table as,

Sfx = 2(u22+u21+u20) + U g (1.26)
- .
2£x% = bluggtugtig) + ugptiggtuyg (1.27)
T 2fy = Zku

02" -gl‘- Upq il 3k Uy, HhUy g*E gt
k“oz*%“o*l (1.28)
S£y? = kPuy,rk(ket) u21+k?uz1+k(gk+1)u12+”
Ck(2k+1) u, L #k(k+Du, kA otk (k) u, (1.29)
SLEL) Vg PR U Vo™= M2

2fxy

4ku22+3ku21+2ku20f%u12+ku11+%ku12 (1.30)

From these the variance of x and variance of y and the
covariance between x and y can be worked out, and then tﬂe
correlation between the scores of X and y in one parent and

k offspring case can be obtained as,

(2
ny) = COV gx,zl . (1.31)
v(x)xv(y)

Now the correlation coefficientH?én)P.0(1,k), between
one of the parents and k offspring in the nth generation of
half-sib mating can be obtained by substituting the y(m)

values (already obtained in section 1.1) in table (1.21).
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The values of Zfx, S:fxz, >fxy, E_fyz and fxy are found
out in each generation by using the equations (1.26), (1.27),
(1.28), (1.29) and (1.30) respectively and correlation

coefficient is calculated using the formula (1.31).

The correlation coefficient between one of the parents
and k offspring worked out in this way, for the first five
ten generations of half-sib mating are given in table (1.21)
It may be noted that the correlations when k = 1, for
different generations are exactly the same as that of one
parent one offspring correlations under hglf—sib mating already
obtained in section (1.?) Further, thé correlation coefficient

in different generations are of the form _ L ’

/b(1+_§)

where b and ¢ are fractions changing with 'n' in the fomm

of the following series.

b: 8, 36, 156, 668, 2828, ...
5 M7 520 2333

c: 4, 14, 20, 178, 634, ...
: 5 25 117 529 2333

Giving different values to k, from 1 %o 10, the correlation
coefficients between one of the parents and offspring have
been worked out as gifen in table (1.22). These correlations
are exhibited graphically in Figure 4. Here also, as in
the previous case, the correlation increases as mn, the
number of generations and k, the number of offspring,

increases..
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Table 1.21

Correlation between one parent and k offspring in the first ten

generations of half-sib mating.

a & = - s e m S S S S e
enc(a‘;'? lon 0 1 5 3
Correlation . k ) S — 29K . 117k
coefficient - _
(a) Vo) Y BR5E) f36k(ibe2sk  \/156K(50+117K)
1. 57, 0{ 1) |
S, S A — e
2333k | 10105k
[E%git17é¢529k)
V/2828k(63h+2333k) V/11868k(2258+10105w
' 7 8
43173k _ ' __182497k
J/ 4ob525(8042+43173k) / 204860k ( 28642+182497k)
_____________________ > 10
764909k _ 3184009k
V/844556k(10;010+76490§E), v[g;67676k(363314+3184009k)

P e — S SR D Frs S S S G S S . G T S v v SN AN D S N AN A A ey S et G A MM TN pup s g



Table 1.22

Correlations between one parent and k offspring when k = 1 to 10; for the first ten generations

of half-sib mating.

Generation Number of ;ffspring (k)
_n 1 2 3 I 5 6 7 8 2 10
0 0. 500 0.577 0.612 0.632 0.646 0.655 0.661 0.667 0.671 0.674

0.5890 0.668 0.702 0.722 0.734 0.743 ~0.749 0.754 0.758  0.760
0.667 0.736 0.765 0.780 0.790 0.797 0.802 0.806 0.809  0.811
0.725 0.786 0.810 0.823 0.831 0.837 0.841 0.844 0.846 0.848 "
0.770  0.823 ° 0.844 0.855 0.861 0.866 0.869 0.872 0.874  0.875
0.888 0.891 0.893 0.895  0.896
0.834 0.881 0.890 0.898 0.903 0.906 0.908 0.910 0.912  0.913
0.858 0.894 0.907 0.913 0.917 0.921 0.922 0.924 0.925  0.926
0.878 0.909 0.920 0.926 0.929 0.932 0.934 01935 0.936  0.937
0.894 0.921 0.931 0.936 0.939 0.941 0.943 0.944 = 0.945 0.945;
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Note: Oth generation stands for random mating.
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Chapter 2
SEX-LINKED GENES

For autosomal genes the correlations of the different
parent-offspring palrs are fﬁe_saie,all belng half,6 and the
correlations of different half-sib pairs also, are the sanme,
all being one fourth. For sex-linked genes, however, the
asymmetrical chromosomal complement of males and females
makes it necessary to distingulsh the sexes of the relatives.
Thus, in the sex-linked gene case, there afe three kinds of
half-sib pairs, viz., brother-sister, brother-brother and
sister-sister. Likewise there are four kinds of parent-
offspring palrs viz., mother«dsughter, mother- sory father-
daughter and father-son. The correlations of the different
half-sib i)airs and those of different parent-offspring pairs

are considered here seperately.

2.1 CORRELATIONS OF DIFFERENT HAIF-SIB PAIRS UNDER HALF-SIB

MATING SYSTEM

In the c?se of the sex-linked genes too, the geﬁeration
matrix for haglf-sib pairs cannot be easily obtalned. So the
method adopted in the autosomal gene case has to be extended
to the cases of sex-linked genes with slight modifications

characteristic of a sex=-linked character.

Sex-linked genes are those located ‘on sex-chromosomes.
We shall consider the case of a single locus with two alleles,

say, A and a. Let the homogametic type (AA, Aa or aa) be
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females and the hetrogametic type (A or a) be males. Now,
there will be six mating types, viz. AA x A, AA X a, Aa X A,

Aa x a, aa X A and aa X a. As before these six types of

mating with appropriate frequencies are listed. The probabllities

of the yarious combinations are grouped together. Obviously,
there is no correlation between father and son in the case of
a sex-linked character, since the son recelves his father's
Y~-chromosome. The correlation for mothérudaughter palr is
the same as that of parent-offspring pair in the case of
autosomal genes except for a shift by one generation. The
two correlations for father-daughter palr and mother-son pair

are the szame,

We shall be dealing with the correlations of different

types of half-sib-pairs seperately.

2.11 BROTHER - SISTER CORRELATION

The Jjoint distribution of brother-sister pairs under
ranﬁom mating can be obtained as follows. Conslder a siﬁgle
locus with two alieles A and a with prOportiohs p and q,
respectively, Then it may be verified that the population

A a Al Aa aa
and T is

.P q p2 2pq q2

in equilibrium under panmixia. Thus in a random mating
population the constitution of the male can be A or a. Let

lthis male be A. Now the proportion of the half-sibs obtained
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after random mating can be obtained by considering the mating
between A (p) and each of the females AA (p?), Aa (2pq) and

aa (g%) in the population, as
A (p2 AA + 2pg Aa + q2 aa) = %p AA+ %q Aa+ %p A+ %q a

Now let the male be a, then the proportion of half-sibs

corresponding tc the male a can be obtalned as,

a (p% AA + 20q Aa + ¢ aa) = %p Aa + 3q aa + ¥p A+q a
combining.the above two cases, we get the table of the
proportions of half-sibs for the different constlitutions of
the male as given in table (2.1).

Table 2.1

Half-sibs
AA Az aa A a
A 3p %q 0 4p 3q
Males a 0 5p %q D %q

Now considering all the brother-sister (half-sibs) palrs under
each male, we get the proportions of brother-sister pairs

under each male as given in table (2.2)

Table 2.2
Brother-sister pairs
(4, AA) (A, Aa) (4, aa)  (a, 4A) (A, Aa) (a,aa)
Alp)  %p? ipa 0 tpa q° 0

Males a(gq) © 1p2 ipa o - ipg 1q°
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Hence the joint distribution of brother-sister pairs
under random mating can be obtained by pooling the corresponding

pairs by weighting with p and g respectively, as given in

table 2.3
Table 2.3
Sister p.
AA Ag aa Total

A 4p° p2q 1pq® ip
Brother 3'

a #p%q #pg® tq 3q
Total  1p? #pq g2 i

Standardising the above table so that the column totals
as well as row totals add upto unity, we can write down
the correlation table as table 2.4. |

Table 2.4

Standariised correlation table of brother-sister pairs under
random mating

Sister
AA Aa aa Total
A p” 2p2q pq2 p
Brother a p2q 2pq q; q

----—-—-——-—————--——---—-——-——————-——-—--———---—-—--——---———-



The correlation Coefficient,H.g(%zs, of brother-sister

paifs obtained after random mating can be calculated directly
from the above correlation table, assuming additive genetic
effects and bf using the product moment formula for |
correlation coefficients as,

(0
H.S B.S

= 0 - (2-1)

This zero correlation is quite logical since, in the
case of sex-linked genes the son recelves his father's
y chromosome agnd the different female parents in the random

mating population are non-correlated.

The Joint diétribution of brother-éister palrs under
the first generation of half-sib mating can be obtained
directly by considering the different lines as follows.
There are two lines in this case; line (i) corresponding
to the male A with ppoportién p and with the genotypic

array of Half—sibs as .

2p AA + %q Aa + #p A + %qa |
and line (i1) corresponding to the male. a with proportion
q and with the genotypic array of half-sibs as

2P Aa + %q aa + ¥p° A + 3q a.
The procedure consists of finding a two~way table of the
frequencies of brother-sister pairs corresponding to each
1line and then pooling these tables to get the Joint.
distribution of brother-sister palrs by weighting them with
the proportions of‘the corresponding lines. In the first



o4

. generation of brother-sister mating, the standardised
two-way tables of brother-sister pairs corresponding
to line (i) and line (ii) can be obtained as given in
table (2:5) and table (2.6) respectively.

Table 20 5
Sister

g P S S AR = Sy i TS g E S G WD P S P S A A S Y S S Gl e i D S S g S g Sk Sl e S s el G b "

A 3p(1+p)2  2q(1+p)(1+20) 1q%(1+p) B

Brother a #pa(1+p)  #q%(1+2p) g a
Total 2p(1+p)  %q(1+2p) 3q® 1
Iable 2.6
Sister J
AA Aa aa Total
3 1.2

A %p p“(1+2q) ipa(1+q) D
Brother a %p®(1+q)  %p(1+q)(1+2q) 2q(1+q)? q
Total 1p2 #p(1+2q) %q(1+aq) 1

Now the joint distribution of the brother-sister pairs under
- the first generation of brother-sisterimating can be obtained
by pooling these two-way tables after weighting them with

p and q respectively, as given in table (2.7).
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Table 2.7

Correlation table of brother-sister palrs under the first
generation of half-sib mating. '

Sister
AA Aa aa Total
2 a2
A $p°(1+3p) tpa(1+6p) 2pda P
Brother ‘a $0%q $pq(1+6q) $q%(1+3q) q
2 2-

Total P 2pq q~ 1

The correlation coefficlent, r(1) » bDetween brother-
: H.S B.S

sister pairs under the first generation of brother—sistér
mating can be directly obtained from the above correlation
table as '

A1)
H.,S B.S

a2 01768 . —me= (2.2)

In a similar manner, the Jjoint distribution of brother-
sister pairs under the second generation of half-sib mating
can be obtalned. Here there are four lines to Be considered.
These four lines have come from the two lines of thg previous
generation, ie., two from each. By pooling all the two-way
tables obtained from these lines by weighting them with
appropriate weights we can get the final standardised
correlation table for the brother-sister pairs under the

second generation of half-sib mating as given in table (2.8).
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Table 2.8
Correlation table of brother-sister palrs under the second
generation of half-sib mating.
Sister

. AA . Aa aa Total

A _1 p(1+15p+16p2) _g_pq(3+ap) ,.-;12pq(3+16q) D

32
Brother a _1_pq(3+16p) Apq(3+8q) ;13(1+15q+16q2) q
' 32 8 52 )
Total 1p(1+7p) %pq : 1a(1+7q) 1
8 8

G —— A — — A D G Gkt e il s i gy = - — o - - e o

The correlation coefficient, r(z) s between brother-
H.8 B.S

sister palrs under the second generation of half-sib mating

can be directly obtalned from the correlation tabie as,

2 o 0.2017 ——=(2.3) .
H.S B.S

In the same mamnner, the corelation table for brother-
sister palrs under the thifd generation of half-sib mating
can be obtalned by considering the eight lines, obtalned,
from the four lines_of the previous generation} two from each.
.By pooling the two-way tables—corfesponding to the different
lines by weighting them properly, the correlation table for
the brother-sister palrs under the third generation of half-

sib mating - can be obtained as in table {2.9).:



Table 2.9

Correlation table of brother-sister pairs under the third
generation of half-sib mating.

Sister
aa Total

A _1 p(21+149p+86p2) 1 pq(57+86p) 1 pq(35+86q) p
55 = 555

Brother a _1 pq(35+86p) 1_pa(57+86q) _g (21+149q+
556 ; 128 '2!53 5
) 86q°)
Total 1_p(7+25p) ggpq 1 _a{7+25q) 1
1

. — S S —— S A P Al Sl e ey P ol S Sk e s oy S S WD s Atk M) S U S S A A Sy . S S W SO A S A S S i Gl G I SN Gl e ek G S S

The correlation coefficient; r(3) y of brother-sister palrs
H.8 B.S

under the third generation of half-sib mating can be obtained as,

A3} . 0.3903 .- (2.0)
H. S B. S

Proceeding in a similar mannef, the correlation coefficient
between brother-sister pairs under the fourth, fifth, sixth etec.,
generations can be found out. The correlation coefficient of
brother-sister pairs for the first ten generations of half-sib

mating is given in table (2.27).



.12 BROTHER-BROTHER CORRELATION

The procedure of obtaining the joint distribution of
brother-brother pairs under different generations of halffsib
mating is similar to that we followed in the- case of brother-

sister pairs in section 2.11.

The table of proportions of half-sibs for the different
constitutions the male under random mating has already been
obtained in section 2.11 (Table 2.1). From this table, the
proportions of the four types of-brother-brother pairs under
each male under random mating caﬁ-be obtained as givén in

table (2.10).
Table 2.10

Brother-Brother pairs

(4,8) (,2)  (ah) (a,2)
Mp) 0% iprq ipq $q°
Males alq) 4% pg irq 1q®

Hence the joint distribution of brother-brother pairs
under random mating can be obtained by pooling the
corresponding palrs by weighting with p or q according as
the male is A or a, as given in table (2.11).
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Table 2411
Brother 2
a. Total
. ‘5
A $p ipq ir
. Brother 1
a %paq 3q° z4q
Total 2q %

Standardising the above table so that the row totals

as well as the column totals add upto unity, we can write

down the correlation table as in table (2.12).

Table 2 1 2

Standardised correlation table of brother~brother palrs under

random mating

_ Brother 2
A a
A pz pq
Brother 1
a pq q2

1

s
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Now the matrix; WI(O) . of condltional probabilities
'H.S~ B.B -

of brother-brother pairs under random mating can be written

down as

{ P q
M(O) = and this can be
H.S B.B
P q

split as a function of 522 and _Q22 (as defined by Li) as

H.SM() = Cyx Iy * (1-6)0,,

where, 522 [ and 0 = [p q] and CO = 0

Now the correliation between brother-brother pairs under
random mating can be calculated by using the technique
developed by Li and Qacks (1954) as

(0)
r = CO Ty + (1-00) o

H.S* B.B

where ry = 1 and T, = 0 (rI and r, are the correlation

coefficient calculated from the two-way tables obtained

by multiplying the rows of I,, and Q,, by p and g respectively.)

Hence, we get

I‘(o) = CO = o - {2.5)
H.S B.B

. The zero correlation of brother-brother palrs under random
mating is because of the fact that the son receives his

fathers y-chromosome.



61

The joint distribution of brother-brother pairs under

the first generation of half-sib mating can be obtained by

considering the two lines in this generation - line (1)

corresponding to the male A and line (ii) corfesponding to

the male a;

Just as in the case of brother-sister pairs,

the procedure consists of finding a two-way table of

-frequencies of brother-brother pairs corresponding to each

line and then pooling these tables by welghting them with

the corresponding proportions {p or q) of the different

lines, to get the joint distribution of brother-brother

palirs.

The standardised two-way tables of ffequencies of brother-

brother pairs corresponding to line (i) and line (ii) are

obtained as given in tables (2.13) and (2.14) respectively.

Brother 2

Table 2.13
Brother 1
A a
2
2(1+p) #(1+p)q

2q(1+p) 1q°




Table 2. 1&

Brother 2
A a
4 3p° ' ip(1+q)
Brother 1 i
a  tp(1:q) 3(1+q)?

[ p—. . i S R S T R S S G s [

Now the joint distribution of the brother-brother
palrs under the first generation of half-sib mating can be
ovtained by pooling these two two-way tables by welghting
them with p snd g respectively, as given in table (2.15).

Table 2.15

Correlation table of brother-brother pairs under the first

generation of halfesib mating

Brother 2
A a Total
A tp(1+3p) . % P
Brother . 1.

a 2pq 2a(1+3q) q

Total D Q 1

S Oy e i s S Sl A R P S S EIU M IR VI e G S ek U i A A e vt a2 S e o ol
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The matrix M(q) of conditional probabilities of

‘H.8° B.,B’

brother-brotherpairs under the first generations of half-sib

mating can be written down as

ey ) $(1430) © 2a
H. S B.B. .
in. 4(1+3q) ‘
and this can be expressed as’
mi? . - 3 [1 0 ] +2- | P a
H.S ™ _B.B 0 ’ o a

= Cylgy + (1-C0y)

Hence, '
(1) A
r = Cr. + {(1-C,)r
H.S  B.B 11_ 1770
= C
= % =0.25 ——— (2.6)

In the second genération of half-sib mating there are
four lines to be considered. By pooling all the tv:Jo-waf o
tables obtained from these lines by‘Weighting-properly,
we can get the final correlation table of brother-brother
palrs in the second generation of half-sib mating as giveﬁ
in table (2.16).
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Table 2e 16

Correlation table of brother-brother pairs under the second

generation'bf half=-sib mating

Brother 2
A a Total
- A 1_p{(5+11p) 11 _pa p
'?B'p "7
Brother 1
a 11 pq 1 _a(5+11q) ]
16
Total P q 1

Then the matrix, M'2) |, of conditional probabilities
’H.8 B.B

of brother-brother pairs ander the mecond generation of

half-sib mating can be obtained as

(2) 1_(5+11p) 11 q
‘" H. S B‘ﬂ'r:\.}a. ) 16 : 1%
11p 1 (5+11q)
16 - 16 '
and this\can be expressed as
n(2) - 1=
Hes ™ B.B Cokor + (1-05005,
where, C = '
2 " -2 |
L | .
- Hence - r 2) = C
H.S B.B 2



Now, after finding out the two-way tables of frequencies
of brother-brother pairs corresponding to the eight lines
in-the third generation of brother-sister mating, end
pooling them by weighting with the coressponding proportions,
the correlation table of brother-brother pairs under the
third generation of half-sib mating can be obtalned as 'given

in table (2.17) "
Table 2.1

Correlation table of brother-~brother palrs under the third

generation of half-sib mating

Brother 2
A a ' Total
A 1_p(25+39p) q : D
- &
Brother 1 '
a g 1_g(25+39q)
& Tkt :
Total . q | 1
Hence,
1 (25+39
M(3) = BE‘ p) g%q
H.8™ B.B . :
1 _q(25+39
&7 A 29
which can be axpressed as
(3) _ _
na¥ pa = C3dopr (1-C) 0y

'h =
where C3 %2
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Therefore,

A3
H.S B.B 3

= 25 = 0,391 eee (2.8)
6L

Proceeding similarly, the correlation table of brother-
brother palrs under different génerations of half-sib mating
and corresponding conditional probability matrices therefrom

can be obtained.

In general, (n)
. n - -
s M N Cplos + (1 ) 0y
énd hence
. I‘(n) ) = c
H.S B.B n
ﬁhere‘ |

C,6 =0, %, 5/_16, 25/64L, 117/256, 529/1024, 2333/4096, ...
for n =0, 1, 2, 3, 4 5, 6, etc.

The correletion coefficlients of brother-brother bairs under
the first ten generations of half-slb mating is as given in
table (2.27). These correlations are represented graphically
in Fig.5 by curve (2). '
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2.13  SISTER-SISTER CORRELATION

The methbd of construction of the correlation tables
of sister—sister pairs under the different generétiops of
half-sib mating is exactly the same as in the case of brother-
sister and brother-brother palrs, with a sligh"b difference,
that, here we pair each female with each of her half-sisters
instead of formihg brother-sister palirs or brother-brother pairs

as was done in the former two sections (3.11) and {2.12).

The proportions of the nine ﬁypes of sister-sister
pairs undér each male under random mating can be obtained
as given in table (2.18).

Table 2o 18
Sister-sister pairs

POp——— ] - - —— — .  — ks e S - . o w m ) B

-(AA.AA)(AA.Aa)(AA)aa)(Aa.AA)(Aa,Aa)(Aa,aa)(aa,AA)(aa,Aa) (aa, aa)

A 4p? ipg 0 Zba 3q® 0 0 0 Q
(p) .
Males
(q? ) 0 0 0 3p°2  ipq O ipq  2d°

Hence the joint distribution of sister—sister palrs under
random mating can be obtained by pooling the corresponding pairs
by weighting with p or g accopding as the male 1s A or a, as |
given in table (2.19).
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Table 2.19
Sister 2
AA Aa aa Total
e o o e ik e e s e i Sl el i e A e Sl s e ot e S S oA A el R i S S P G i A R S N A 36 G A S i—---é———-
0
M o7 102 i
Sister 1 : .
Aa %pzq iprq iqu2 ipdg
2
aa O $pa” 1q° $a
Total  4p2 #pq 3q° 3

. —— S D G e e Y S S SN CEF o D el Wil el S S dall S e i i . gy Sl b p— - — - na—

Standardising the above table so that the row totals
as well as the column totals add upto unity, we can write
down the correlation table as given in (2.20).

Table 2.20

Correlation table of sister-sister pairs under random mating

Sister 2
AA - Aa aa Total
2
A p’ p%q 0 P
Sister 1 Aa p2q . pa . qu 2pq
aa .O ’ pq2 q: Q?

D R A D ot ) (N el e A S S il e e e e T R S S S S S Y L D B e G T S S M s s P 0 P S R B e A N S S M e S ot S
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The correlation coefficient, r(o)
HeS 8.5

pairs under random mating can be calculated from #he above

y Oof sister-sister

table by assuming additive genetic effects and using the

product moment correlation coefficient formula as

(o) = ¥ . - (29
H.S S.5

The paternal half-sisters under random mating possess a
common gene received from their common male parent, hence a

correlation of half.

Now, the stsndardised two-way table of Trequencies of
slster-sister pairs corresponding to the two lines (1) and
(1i) in the first generation of half-sib mating can be
obtained as given in tables.(2.21) and (2.22) respectively.

Table 2.21

Sister 2
AA . A= aa
s 3p(1+p)2  Zpa(1+p) 0
Sister 1 Aa  %pa(1+p) 4q{1+3p) 3q%(1+p)

aa 0 $a%(1+p) iq
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Table 2.22

Sigter 2
AA Aa aa
AL 3 2p(1+q) 0
Sister 1 Aa 3p%(1+q) p(1+3q) ipa(1+q)
aa O _ t pa(1+q) 1q(1+q)?

- b G et e — i U — Ay D S I P AP S b i S -

The joint distribution of sister-sister palrs under the
first generation of half-sib mating can be obtained by pooling
these two two-way tables by weighting them with p and g

respectively, as given in teble (2.23).

‘Table 2.23

Correlation table of sister-sister pairs under the first

generation of half-sib mating

Sister 2
AA Aa aa Total
AL 3p3(1+3p) %pzq 0 p?
Sister 1 Aa %pzq 2pq %pq2 2pq
aa O 2pq® 1q%(1 +3a) q2

e ol e S S S o da -—— - o i i e —— - = e — . —




The correlation coefficient, r(1) , of sister- |
H.S Se S
sister pairs under the first generation of half-sib mating
can be calculated from the above correlation table, using

product moment correlatlon coefficlent formula as,

A1) = 5 = 0,625 -- {2.10)
H.S S. S 8

The correlation tablé of sister-sister pairs under
the 'second generation of half-sib mating can be obtained
by poéling the two-ﬁay tables corresponding to the four
lines after weighting them properly. It is as given in
table (2.24).

Table 2.24

Correlation table of sister-sister pairs under the second

generation of half-sib mating

Sister . 2

_— ———BA Aa____ _-.aa_____ Jotal _
AA 1 p(1+15p+16p2) 1 pa(3+16p) O 1p(4+7p)-

35 335 , )

Sister 1 Aa _1_paq(3+16p) 17pq 4_pa(3+16p) q

32 TEP 32 %P
ga O 1 pa(3+16q) _1_q(1+15q+16q%) 1a(1+7q)

35 33 )

gy b G S S G P D S G S B G S S D A e G S D S oD G e S el D e AL gEp Eme N R S D D SR A GRS
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Hence the correlation coefficient, r(z) y of sister-

HeS S.8
sister palrs under the second generation of helf-sib mating

can Be obtained from the above correlation table, using
product moment correlation coefficient formula as

r(z) " = "0.694 _—— (2.17)
H.S S.S

The correlation table of sister-sister pairs under
the third generation of half-sib mating can be obtained by
pooling the two-way tabies of frequencies of sister-gsister
pairs corresponding to each of the eight lines in the third
geﬁeration, after weighting them properly, as given in

table (2.25)
Table 2.25

Correlation table of sister-sister pairs under the third

generation of half-gsib mating

Sister 2 )
e 55____ ____ha ) aa_ ' Total

AA 1 p(21+149p+86p2) a(35+86p) 0 . 1 p(7+25

A T Pi7e)
Sister 1 y ) 3

Aa 1 paq(35+86p 61pq 1_paf35+86q) 2
7 e L

aa O 1 pqg(35+86q) _1 a(21+149q+ 2q(7+25q)

. 256 256 2 2

86q2) 32

A e S S Ay R S o O U S S48 M W e S S D S HI S A v S S S S S e S S S A I N S N G S o




The correlation coefficient, r(3)
H. S Sed

, of slster-sister

pairs under the third generation of half-sib mating can be
obtained directly from thls correlation table, using product

moment correlation coefficient formula as

~(3) =  0.75 _—— (2.12)
H.S 8.8

Proceeding similarly, the correlations coefficlents
of sister~sister pairs in the fourth, fifth, sixth, ¢.e..
generatiﬁns of half-sib mating can be obtained. The
correlation coefficients in the first ten generations of
half-sib mating are as given in table (2.27). These
correlations are exhibited grephically in Fig.5 by curve (3).
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242 CORRELATION BETWEEN PARENT AND OFFSPRING UNDER HALF-SIB

MATING SYSTEM

George (1974) has derived the generation matrices for
the various parent-offspring palrs in the sex~-linked gene casé
viz., mother-daughter, mother-son, father~dsughter and father-
son and has obtained the joint distribution and correlation
coefficients under the differnt generations of full-sib mating
and parent-offspring mating system. Here an attempt is made
to extend the use of these generation matrices for obtaining
the correlation coefficients of the various parent-offspring
palrs in the sex-linked gene case under the half-sib mating

system of inbreeding.

The different types of parent—offspfing pairs are considered

seperately under the following sections.

2.21 MOIHER - DAUGHTER CORRELATION

The generation matrix,‘gm.D s of mother-daughter pairs,
obtained by George (1974) is as giveﬁ belows
| 17 0 0 O 0

1

A x.D (2.43)

0O O O O O O O
O O O O w mw O O
O O O &G »» O O O
O~ O 0O O O O © o
= O O O o O O o

j
e

o O 0O O O O O
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(n)
Hence the column vector, !M-D’ of joint distribution

of motherbdaﬁghter pairs under the nth generation of half-

sib mating can be obtained as,

v vin) L (2.18)
LD Ap ¥ (

where !(n) is the column vector of ffequencies of half-sib
mating types in the nth generation of half-sib mating, as

already obtained in section 2.11. The correlation coefflclent,

r(n) , of mother-daughter pairs in the nth
H.s M,D

of half-slb mating can be calculated from the correlatlon

generation

table formed from !(ﬁ?D , by assuming additive genic

effect and scoring AA, Ama, aa as 2, 1, O respectivelf.

Now 3(1), the row vector of frequencies of brother-
sister mating types in the first generation of half-sib
mating (ie.) brother-sister pairs obtained after random
- mating is given by

) | B [rp3 p’q 20°q 2pg® pq? q?:}(2-5)
Hence the row vector, Eﬁ1%:D, of frequencies of mother-
daughter pairs in the first generation of half-sib mating

can be obtalned as :
?

(1) (e
V = v '
(1) — M.D =  Awn.p
ie. ¥ %.D = [:PB p%q 0 p?q pq pa® O pg? q3;] (2.16)

and the corresponding correlation table can be formed from

._Y_(I?(I?D as given in table (2- 26) .



Table 2.26
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Correlation table of mother-daughter pairs in the first

generation of half-sib mating

Daughter
AA ' Aa aa ~ Total

AA p° p%q 0 p?
Mother Aa P q Pq pq2 2pq
2

aa 0 qu _ q3 q

Total p2 2pq q2 1

The correlation coefficient, r(ﬁ) » of mother-
: H.S M-D

daughter pairs in the first generation of half-sib mating

can be obtained from the above table_as

H.Ss M.D

e (2.17)

In the same manner, the column vectors of the frequencies

of the brother-sister mating types in the second, third and

fourth generations of half-sib mating can be obtained as

(2)

Vv = A

—M.D ~ McD
(2)

y = A
M.D ~M.D

_—M.D r--M-D

1( 2)

L(3)

S8
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where l’_( 2) ’. 2(3) and z(a), already obtained in section 1.1,

are as given in (2.21), (2.22), and (2.23) respectively.

ﬁmm Ry

$0%(1+3p)
%ng

(2) %bQ(1+6p) ‘-.
= i %pa(1+6q)
3pd?
19%(1+3q)

(2.21)

%E§(1+15p+16p2) 3

1

e B

1 _pqg(3+16p)
52 .

- (3) 1pq(3+8p) |
v 8 (2.22)

|
|

=
¥

%pq(3+8q)

1 pa(3+16q)
52 )

o — 8 ]

] 1_q(1+15q+169%)
52 '

o Nt
- _1_p(2;+149p+86p2)°°‘g
256 RO

1 DQ(35+86p)‘
256

(4) -

- j ?%gpq(57+36p)' (2. 23)

(=

NI PO Jucond g

1. pa(57+86q)
28 ,

1

ﬁp a(35+86q) i
1_ql 21+149q+86q°

55 q+869°)

. -
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' (&)
Hence the column vectors -3(5293’-Y(§2D ?nd v M.D

of frequencies of mother-daughter pairs in the sécond, third
and fourth generations of brother-sister mabing can be

- obtained as given in (2.24), (2.25) and (2.26) respectively.

e d

2p2(1+3p)

@l
a2
C ey
Y
o+
on
=)
e
s

g (2.24)

apa (1+6q)
8

0
gpq

 3q%(143q)

2

IS W AT, BRI WD, P M

=

1_p(1+15p+16p?)
32

350q(3+16p)

(3) pa(3+8p)

— M,D.

T °

(2.25)

¥

rq(3+8q)

og|” ®i

a(3+16q)
Q(1+15qf16q2)

L

Udl-i W
(A% I 3N
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1 p(21+149p+86p2)
256

1 pq(35+86p)
25
0 .

1 paq(57+86p).
25
2

25 pq
32

1 DQ(57+86D)
256 .

3

I M.p= (2-26)

0

1_pa(35+86q)
25 -
2
1_af 21+149g+86q<)
256 ‘

L‘mmmm P, PEDE el PG el R P B Hﬂﬂ#mj

The correlations between the mother and daughter in the
second, third and fourth generatlons of half-sib mating are

calculated from the correlation tables formed from

2 3) L
E(Mzn ’ l‘r—(M?D' Y-(MBD as
(2
HeS M.D = 0.5893 ' (2.18)
3 o.e672 (2.19)
H.S M.D
r“*) = 0.7249 (2.20)

, HeS M.D
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Proceeding similarly, the correlation coefficients of
mother-daughter palrs in the fifth, sixth, seventh etc.
generations of half«siﬁ mating can be calculated. The
correlations of mother-~daughter pairs in the first ten
generatioris of half-sib mating is given in table (2.27). These
correlations are exhibited graphically in Fige5 by curve (4).

2.2 MOTHER-SON CORRELATION

The Jjoint distribution of mother-son pairs in the nth

generatioh of half-sib mating can be obtained as

gn (n) .
“M.S "A'M.S Y (2.27)
where
_Iﬁn) is the column vector of frequencies of mother-son

M.S5
pairs in the n*" generation of half-sib mating, v'® is the
column vector of frequencies of brother-sister mating types -
in the n"" generation of half-sib mating and 4 . is the
generation matrix of mother-son palrs as derived by George (1974)

as given below. o
17 1

0
0
0

(2.28).
0

o o ©
Qo O o O
O o O O
S O ¥ O ©
- O O O O

1

rmm«mm
o



81

(1), !(2)’ E(B), and

Thus by substituting the vectors v
y_M) as given in (2.15), (2. 21),"( 2.22) and (2.23), the column

' (1) (2 (3) (4) :
vectors V' 'y’ o _‘_I_M.S ’ _‘{ m.g é&nd Viu.g of frequencies of

mother-son pairs in the first four generations of half-sib

mating can be obtalned as given below.

> 2 °°?
g i
i
i %
i §
W o= 3 Py (2.29)
M. S L,
E i
o
S
foo i~}
= ép(1+7p)cm§
§
(2) . E
r o= 7
LA L g (2.30)
RO
N
i .;_Q('H-'?q) %
- ol
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(7+25p)

(3) =

(2.31)
YV ow.s

wlvy Wi © e
ok N
0

a(7425q)

u:l—s Q
N

el
ium P MNP, JEHCDOEIONTN, I PO ms

. gaﬁmﬂmmmm ﬂﬂmmﬂg

_1_p(39+89p)
128

0

e
— M.S

82 _pq

25 (2.32)

b= — % .
o

ﬁﬂmﬂmi

o>
o

a(39+89q)

X
L
&hm; 128 | N

‘The correlation coefficient of mother-son pairs in the first,

second, third and fourth generatlons of hglf-sib mating can be

2
obtalned from the cor*elatlon table formed from _\[( 134 » ¥ ’

S M.3
3(1\3123’ and y_(“) g respectively as
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1) = 0,707 - (2433)
H,S M.S

£2) L 0,750 cmm (2.34)
HeS M.S

(3 = 0.781 —— (2.35)
HoS M.S

r(h) = 0,808 —— (2.36)
HeS M.S

Proceeding similarly the correlation coefficients
of mother-son pairs in the fifth, sixth, seventh etc.
generations of half-sib mating can be calculated. The
correlation coefflcients of mother-son pairs in the flrst
ten generations of half~sib mating 1s given in table (2.27).
These correlations are represented graphically in Fig.5

by, curve (5).

2.23 FATHER-DAUGHTER CORRELATION
The column vector,_gﬁn), of the joint distribution

of Father-daughter palrs in the nth generation of half-sib
mating can be obtained as

_V.';n; = App ¥ ~--  (2.37)

where
,éF.D i1s the generation matrix of father-desughter

pairs, as defined by George (1974) as
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%mcn 1 0 % 0 -0 0O dmg

g ©o 0 0 0 0 0 {

g o o % o 1 o g
Agop= g o 1 0 % 0 0 g (2.38)
- 1 o 0 0 0 0 © ]

g o 0o o0 % 0 1 §

oo oo

Substituting the values of _\_r_(n), (n=1, 2, 3, 4), as
given in (2.15), (2.21), (2.22), (2.23) and Ap. p the

the column vectors —Y—(;‘IZD (n=1, 25 3 4) of frequencies
of mother~-son pairs in the first four generation of half-

sib mating can be obtained as given below.

£ 2 X

! i

i I

; pa I

§

LA S i (2.39)

F.D ¥ i
j O ¥

i

B
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(2&40)
(2.41)
(2.42)

mw o
Y Py
— (o)) o' [+4) o
£ ~ 'Y 0 + Fed)
$ > & & 8 :
H * ~ ~ ND &
= 5. e Pio k=5
3 G o i = _2 % w_m 8
-

1}

(2)
F.D
F.D

y(3)

=

(8
F.D,

—



The correlation coefficlents of father-daughter palrs
‘in the first four generations of half-sib mating can be
calculated directly from the correlation tables formed

from V(1), E}Zl » 1(3) ,_E(h), respectively as given below.
“F.D F.D F.D F.D

e = 0.707 {2, 43)
H.S F.D

»(2) - 04750 (2. 44)
H,S F.D

(3 = 0.781 (2.45)
H,s F.D

r(‘*) = 0.808 (2.46)
H.S  F.D

In a similar manner, the correlation coefficients of
father~daughter pairs in the fifth, sixth, seventh, etc.
generations of half-sib mating can be calculated. The
correlation coefficlents of father-daughter pairs in the
first ten generations of brother-sister meting are given
in table (2.27). These correlations are represented graphically
in Fig.5 by curve (5).



Correlations of the various

Correlation

relative

Table 2e gz

palirs in the sex-linked gene case, under different generations

of half-sib mating system.

\

Generation (n)

0 1 2 3 4 5 6 7 8 9 10
Brother -sister
corre%afion 0 0177 0.292 0.390 0.472 0.540 0.598 0.648 0.691 0.728 0.761
n .
H.S*B.S
Brother-sister
corre gtlon 0 0250 0¢313 0.391 0.457 0.517 0.570 0.617 0.659 0.696 0.729
H.s¥ B.B
SiSterE§§Ster correlation; 5 . g25 0.694 0.750 0.792 0.825 0.851 0.873 0.891 0.906 0.918
H,s¥s.s '
Mother-daughter
correlation ' '
r(n) 0.5 0.500 0.589 0.667 0.725 0.770 0.805 0.834 0.858 0.878 0.893
H.s* M.S
Mother-son correlation ~
., on 0.707 0.707 0.750 0.781 0.808 0.831 0.8517 0.869 0.884 0.897 0.909
.S M. S
Father-daughter
°°f§§13t1°n 0.707 0.707 0.750 0.781 0.808 0.831 0.851 0.869 0.884 0.897 04909
H.s ¥ F.D
Note: 0th generation stands for random mating.

o]
~J
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SUMMARY
AND
CONCLUSION

The objectives of the present investigation entitled
'a study of half-sib correlations and parent-offspring
correlations under hglf-sib mating_system', was mainly
three-fold, viz., (1) to derive the joint distribution -
correlation table as well as the correlation of half-slb
pairs under different generations of half-sib mating, in the
case of autosomal genes, assuming single locus with two alleles;
(11) to deriVe the joint distribution - correlation. table as
well as the correlation of parent-offspring palrs under
different generations of half-sib mating, in the casé of
autosomal genes, assuming single locus with two alleles and
(iii) to derive fhe joint distribution correlation table and
the correlation between both the parents and several offspring
as well as one barent and several offspring under different
generations of half-sib mating, in the case of autosomal genes,

assuming single locus with two alleles.

Over and above this, an attempt was also made to study
the Jjoint distribution - correlation table as well as the
correlation between the different half-sib pairs, viz.,
brother - sister, brother-brother and sister - sister and
also the correlations of fiifferent parent-offspring pairs,

viz., mother-daughter, mother-son and father-daughter, in

the sex-~linked gene case.
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Very iittle work had been done in the case of half-slb
mating system especially to derive the joint distribution
end hence to obtain the correlation coefficient of different
relative pairs. As the generation matrix in this system
cannot be eagily obtained, George (1979) made an attempt
to deriv; the joint distribution of half-sib pairs from the
first principles, in the autosomal gene case. He confined

his study to the first three generations of half-sib mating.

In the first chapter, the Joint distribution of half-
sib pairs under the fourth generation of half-sib mating
was derived from first principles and the corresponding ”
correlation was worked out therefrom. Further, a.series of
half-sib correlation coefficients for the first ten generations
of half-sib mating was obtained as given in table (1.16). It
could be observed from this table that the correlation
coefficient steadlly increases from 0.250 under random mating
to 0.858 under the tenth generation of half-sib mating.
This is fully in ggreement with the principles of inbreeding.
The chapter further concerned with the derivation of the joint
distribution of parent-offspring pairs and the calculation of
parent-offspring correlation, adopting the generation matrix
approach. The correlation coefficients of parent-offspring
palrs in the first ten generations of half-sib mating were
worked out and given in table (1.16). The table indicated
that the correlation increases from 0.5 under random mating ‘to

0.908, in the tenth generation of half-sib mating, which is
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also in full agreement with the phenomena of inbreeding.
These two correlations, half-sib correlation and parent-
offspring correlation, were exhibiéjgraphically In Fig.2

by curve (2) and curve {1) respectively. A comparative
study of these two curves revealed that the parent-offspring
correlations are comparatively of higher order than half-
sib correlations. The former was double the latter, under.
rendom mating; but the gap was found to reduce as the number
of generation increased. In the tenth generation, the
difference befween the two correlations was only by 0.05.
This shows that hsglf-sib correlation increases at a faster
rate than parent-offspring correlation, as the inbreeding

gOEES O

Under section 1.31 in chapter 1, a general term for the
correlation between both the parents and k offspring under
each of the first ten generations was derived (Table 2.18)
in the lines of George (1979). By giving different values
to k from 1 to 10 the correlation coefficients between both
the parents and k offspring for the first ten generations
of half-sib mating were worked out as glven in table (1.19).
These correlations were also exhibited graphically in Fig.3.
The correlations. were found to be of very high order ranging
from 0.707 to 0.994 and beyond the 5th generation of half-
sib mating, the correlations were of the order 0.9, even
when k = 1. This indicated that the correlations attain a

saturation point in twelve generations or so. From Eig.3



91

it could be noted that the correlation increases very rapidly
for smaller values of k ie., when k = 1 to 5, and for further
values of &, the increase in correlation ls very negligible.
However, in all generations, there is a tendency shown by

the correlation to attain unity as the number of offspring

increases.

Under section 1.32, the correlation between one parent
and k offspring was dealt with. The expressions for the
correlation coefficient for the first ten generatlons of half-
sib mating, in the geneéél case of k offspring, was derived
as given in %able (2.21). By giving values to k from 1 to 10
the correlations between parent and k offspring for the first
ten generations of hglf-sib mating were worked out as given
in table (2,22). Here also, as in the previous case, the
correlation was found to increase as n, the number of
generations and k, the number of offspring, increase. But
the range of correlations was rather wide - from 0.50 to
0.953. These correlationg were exhibited graphically in
Fig.&4. Which revealed that the correlations increase rather
steadily from X = 1 to 5 énd beyond k ; 5 the increase was

almost in a linear fashion.

A comparative study of these two correlations,as given
in table (2.19) and (2.21))1ndicated that the correlations
in both parent case are comparatively of higher order than

that of one parent case. By comparing the graphs of these
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-

two correlations(Fig.3 and Fig.@)it was observed that the
trend in Fig.4 is the same as that in Fig.3, but 1n the
latter case the-curves were slightly depressed all along,

since the rate of increase was rather lesgs in this case.

Chapter 3 concerned with the correlations of different
relative pairs, viz.! brother-sister, brother-brother,
sister-sister, mother-daughter, mother-son and father~daughter,
in the case of sex-linked genes. In éil‘these six cases,
the Jjoint distributions were derived and the correlation
coefficieﬁts worked out for thé first ten generations. The
correlations of the different relative palrs in the first ten
generations were given in table (3.27). From this table it
was noted that the mother-son correlations and the father-
daughter correlations are identical and are of very high .
order ranging from 0.707 to 0.909. But, as the rate of
increase was relatively high in the case of gister-sister
correlation, it exceeded even the mother-son correlation after
the sixth generation:. However, the sister-sister correlation
was found fo be of much higher order than Erotherhbrother
and brother-sister correlafions)at every generation of half-
sib mating. It was also noted that the correlations of all
these six types of relative pairs will be tending to unity
as the number of generations increases indefinitely. Further,
the mother-daughter correlations in the sex~linked gene case
were the same as #he parent—offsbring correlations in the

autosomal gene case except for a shift of one generation.
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Another interesting point noted was that the joint
distribution and correlation coefficient of brother-brother
pairs can be easily worked out in the same lines explalned

by Li and Sacks (1954).

A comparative study of all these six types of correlations

was also made graphically as shown in Fig.5. From this

figure it can be observed that the correlatiop under random
mating and under the first generation of half-gib mating
remains the sapme in the case of mother-daughter palrs as

well as mother-son palrs. The brother-brother correlation -

was noticed to be the lowest order correlation among all and
there was a constriction between generations (1) and (2)

as the rate of increase in correlation reduced considerably

after the second generation of half-sib mating.
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ABSTRACT

A purely thepretical investlgation entitled 'a study
of half-sib correlations and parent-offspring correlations
under half-sib mafing'system' was carried out with the

-following objectives.

i) to derive the joint distribution - correlation
table as well as the correlation of half-gib palrs under
different genergtions of half-sib mating, in the case of

autosomal genes, assuming single locus with two elleles,

i1) to derive the joint distribution - correlation
" table as well as the correlation of parent-offspring palrs
under different generatlons of half-sib mating, in the case

of autosomal genes. assuming single locus with two alleles.

iil) +to derive the Joint distributiﬁn - correlation
table and the correlation between both the parents and
several offspring as well as the correlation between one
parent and several offspring under different generations of
half-sib mating, in the case of autosomzl genes, assuming

.single locus with two alleles.

iv) to derive the Joint distribution - correlation table
as well as the correlation of the different 'half-sib palrs,
viz., brother-sister, brother-brother and slster-sister and
also the correlations of different parent-offspring pairs,
viz., mother-daughter, mother-son and father-dsughter, in

the sex~-linked gene case.



As the generation matrix of half-sib palrs is too
tedlous to derive, the Joint distribution of half-sib pairs,
both in the autosomal gene case and sex-linked gene case,
was derived from first principles and the correlation was
calculated from the correlation table, assuming additive
genic effects and by using the product-moment correlation
coefficient formula. The correlations were worked out for

the first ten generations of hglf-sib mating.

The Joint distribution of parent-offspring pairs under
half-sib mating system, both in the autosomgl gene case and
seXx=linked gene case was derived by using the generation
matrix approach. Here also, the correlations were worked

out for the first ten generations of half-sib mating.

A comparative study of the half-sib correlations and
parent-offspring correlations, conducted both numerically
and graphically, revealed that even though the half-gsib
correlations are of lower order than parent-offspring
correlations, the rate of increase in the former is mﬁch higher

than the rate of increase in the latter.

Among the correlations of various half-sib pairs in the
sex-linked gene case, the correlation of sister~sister pairs
was found to be of the highest order. It was also observed
that the correlation of brother-brother pairs can be easily
obtained by the I.T.0 method developed by Li and Sacks (1954).

Regarding the ¥arious parent-offspring palrs, mother-son



correlations and father-daughter correlations were found to be
the same and there was no correlation between father and son
which is quite logical in the case of half-sib mating as the

son receives his father's y-chromosome.

A comparative study of the half-sib correlations and
.parent-offspring correlations in the sex-linked gene case
was carried out both phmerically and graphically. It was
noted that even though the mother-son correlations and the
=fatherhdaughter.corfelations are of very high order ranging
from 0.707 }to 0.909, the sister-sister correlatlon 'éxceeds
them-after the sixth generation. From this it is obvious
that .the correlation between sister-sister pairs increases
much rapidly than the correlation between mother-son or
father-daughter pairs. It was also noted that the correlations
of all these six typés_of relative pair; tend to unity as

the number of generations increases Indefinitely.

A study was also made on-the correlation between both
the parents and k offsbring as well as that between one parent
end k offspring, in the case of autosomal genes; A general
termm (ie. when rumber of of £apring is k) for the correlation
in each of the above cases w@s derived for each of the ten
generation of half-sib matiné. The correlation.were found to
increase with.the number 6f generations and k, the mmber
of offsﬁring. 1t was also noted that the correlations in both
parent case are comparatively of higher order than that of

one parent case and the rate of increase in the former was



mﬁch greater than the rate of increase in the latter. The
numerical values of these correlations were worked out |
for k = 1 to 10 and also for the first ten generations

of half-sib mating as given in table (1.19) end (1.22)
respectjrvély.





