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INTRODUCTION

problem of residual effects in long term exp«rIrwnts 
as well as feeding trials are of great concern to Agricultural 
and Animal Science research workers. Many plans have been 
designed la this direction toy several authors such as 
Williams (1949), Penney (1955), Hair (1967) to construct some 
designs balanced for residual effects* The recent developments 
in this direction are mainly due to Davis and Hall (1969), 
Berenblut (1970), Lawless (1971), Gray G, Koch (1972), Saha 
(1972), Patterson (1973) and Shams (1982)* All these worker© 
have constructed designs balanced for residual effects* The 
main approach they made was through orthogonal latin squares* 
Many of this authors have constructed designs balanced for 
first order residual effects only with the assusntion that 
the residuals will not last for a longer period* But in the 
case of perennial crops such as coconut, rubber, cashew, 
cacao etc*, the residual effects due to many of the treatments 
especially manorial tores irnents will have Jong term residual 
effects when applied in different sequences* Hence it is 
highly essential to find suitable designs to eradicate this 
defect while planning the otperiment* tilth this objective in 
view Atkinson (1966) and Hair (1967) constructed certain 
designs to suit those particular situation* "lie main 
drawback of this layout could toe seen while analysing the



data * the analysis is very ecr^licated in comparison to the 
designs balanced for first order residuals*

Xn experiments on perennial oroos involving chemical 
fertilisers as treatments# the residual effects m&y not be 
lasting for .-nore then one period if it is applied in 
sequence (sufficient gap should be given between two 
applications such that residuals will not effect the third 
application in the sequence)• This case is very true in the 
case of Anifsal Science expcrJments mainly of feeding trials, 
Hera the experimenter cars device ways and means to adjust 
the sequence of treatments in such a fashion that the 
residuals may not last Cor a longer period* Cochran et ajt* 
{1S4J} had formulated a double change over design for dairy 
cattle feeding experiments in the case of animals •

from all these references mentioned above one can 
reasonably come to a conclusion that the residual effects of

i
more than first order are not of very serious nature • «?Ifch 
this objective in view the present investigation has been 
conducted*

The present study has been initiated with the objective 
to construct few designs balanced for residual effects 
especially balancing for the first order and also to give a 
simplified analysis of such layouts. In this investigation 
three methods ha/e been attested to construct designs
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balanced for first, order residual effects* in the first 
method the designs are constructed, which are required for 
a number of treatments, following the lines of Vible (1977)* 
In the second method the construction is based mainly on 
orthogonal latin squares* The third method ie tm 
construction o£ designs that arc balanced for first order 
residual effects in the same line given by Karr (1967U  In 
this method an attempt ha© been made to con struct a design! 
for t treatments with t sequence© <md (t-l)(t-2)̂  1 periods*

Finally an attempt has also been made to give a 
generalised and simplified analysis of designs which are 
balanced for first order residuals*





mwrn* of

Xu lemg t&m encperlseats the aaqpav&MBttal m t is
available will be highly nitrogenous* So eecfc t r m t m n t  l@ 
^ppllea to e&ctt e:xperinental imifc Xu different periods*

here a probieKi o&m&e, that. Is the effect of a ferestnent. 
that, persists for a period after the supplication of the 
treatment* •which will effect the yield corresponding to the 
next treatment applied in succession* The effect of a 
treatment that persists after the application of the 
treatment is called residual effect of that, treatcasnt* Go 
in long tern eocpertnents designs which adjust for residual 
effects &m3 which allow eatination of both direct and 
res ideal effects ansuM be used*

Cochran at si, described a design consisting of
tmo la tin squares M  connection with feeding experinants on 
dairy cows, is as given fee lows

Sequences
periods I IX XIX XV V ¥X

X 1 2 3 1 2 3
IX 2 3 1 3 1 2

XXX 3 1 2 £ 3 1

But this type of arrangements are United as the number 
of tre«tnents arc equal to the mpafcer of periods*



5

Williams (1949) gave designs far the situations in which 
each animal receive© each treatment once* He has shown that 
If the number of treatments is even, balance can be achieved 
by the suitable choice of a latin square and for an odd 
number of treatment® two such latin squares ©re required,
He has shown that for an even number of treatment© such 
designs can be obtained by oermuting the letters eccjring in 
the first row of the latin square in order.

Patterson (1952) cave & method of construction of 
balanced designs when there are residual effects of treatments. 
He baa given seven conditions for a design to be balanced for 
first order residuals. For b number of unite, k number of 
periods and v number of treatments, the method given by hj~> 
consist of b/v latin rectangles each having v columns and 
k reft’s, Representing each treatment by one of the elements 
of an additive abelian group of order v, rectangles are 
formed sucn that Use differences between successive rows of 
the rectangle ore such that no treatment of the leading 
sequence are the s a im  and each difference is an element of 
the additxve abelian group. He hus g>ven an example for 
v « 7, k « 3 and h  « 21* He has also given a method for 
the construction of balanced design© based on complete sets 
of orthogonal letin squares Cor k^v by taking k corresponding 
rows from each of (v-1) orthogonal latin squares oC order v*
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He has psrovea that such an arrangesnt is balanced* A general 
series for v te 4a * 3, « prirae or s prime pow-r* is 
available for n# a positive in tiger and with a ailnimum value 
*s(v*»l} for b/v ana for three periods* If x is the primitive

A Q&tftoG of construction o£ a series of designs for k « %(v-*l3
and b/» a 2 has sis© been giwn.

bueas (19363 has extended the usual switch bach tyne of 
design for more than two treatments, though the switch 
back designs result, in sensitive comparison ol treatments, 
this type of designs are limited to tvo treatmeafco* He has 
developed such type of designs for rrors than two treatments 
by coeblning switch back and balanced incomplete principles. 
For analysis of the design he calculated r* » 2y5-* y^
based on the suggestions of Brandt (1338) where yi# y2 and 
y3 were the performances of an Individjsl in the three 
periods* He calculated the error variance as

rows of the required rectangle are

M-l

y~?
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individual in the i**1 sequence and 04 was the sun of D*s for 
i sequence, i « 1,2* j  » 1,2, M»*r* Xn this extended 
model |? treatments required »{p~l) treatment sequences.
If p>S and odd, des iqns with p(p~l)/2 sequence# could be 
used. For each reduced design a complimentary design was 
obtained by waiting the second row of the reduced design 
as the first row and third row of the comollnjenfc and the 
first row of the reduced design as the second row of the 
coaipllnsent* The reduced and complimentary design© together 
form the complete design and these were sub divided into 
Cp»13 Modes of p sequences eaen* Examples for ps= 3,4,5,6,7 
and 9 and the method of analysis using D^j’s has also been 
given*

Sampford Cl 957} gave various methods of construction and 
analysis of serially balanced sequences and the designs 
based on them* Me hes given o general method for tnft 
construction of Type-2 sequence© with index *k* of the 
sequence as 1, by an appropriate per-mtationi of the columns 
of a cyclic latin square of side (t-1) in the case of t 
treatments* Type 1 and Type 2 sequences were first introduced 
by Finney and Outhwaite <1955, 1956) in which treatments were 
arranged in a series of complete blocks in such a way that 
the residual effects of any treatment occured the ea r® number 
of times in conjunction with each treatment including itself 
(type-1 sequence) or of each other (tyue-2 sequences).
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The type -7 sequence for t treat's**nta given by s^-oforj
v s ®

Is a pe mutation of the nxmforrs 2 to (t-1) i 2 
and one of the differences occur tv/ice in this sequence end 
other differences only oner* By inserting a ©ol<-mr>

f̂Intcontaining the t ir̂ at>’>ent only in tef-seen t^e colons 
which cause for the difference tv Jc**t %.s -jet the r^^uirc* 
ocquenc*” * mutation s^j^nccs rith th-~ rtquurrd ^rooerfy 
for (t-1' ̂b>3 in st-£es «hen 't-1 ■>« zrf 4r*2 and 4r4- 3 were 
also given* *Ie has discusscd the construction of eo'tjlefc**!/ 
reversible ty^e-£ se^uenceo end rets of tyne-f sequences 
with k » 1 on completely reversible sequences and
designs based on then* and their selection procedure.
A general oe*hod of construction of type-1 sequences vrith 
X » 1 and h «= 7 from c/ol_c 1st in squares has al&o teen 
discussed* ^urthet, he has given the method of analyse of 
this type of designs.

Trs '-■̂csny c£ the designs used earlier tne precision of 
esta^a< ion of residual effects * ere cons'Oerably less t*>an 
tbit of direct effects, Lucas (i'a573 gave a type of exfrs- 
ptriad la tin snuaie change over design vhicn almost rnturelv 
overcomes thi?? undcsxraolc aspect of mnny of the desnm5', 
rfiuo is because in cuci dec gns residual effects are 
re-lu.cotC(f fet^r tim^r then ere direct effects* Subsequent 
stuoy by nxp snowed th~t an extra-period can he pscvidcd be
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©imply repeating the last row of the latin square designs and 
representing periods by rows and treatment sequences by 
colurans. In this tyoe of designs eacfi treatment was followed 
hy every other treauaent and Itself an equal number of time 
and the residual effects were orthogonal to sequences*

Patterson and hucac (1959} has considered a solution 
for tne deficiencies of change-over designs by taking an 
extra-period along with Use basic design* They have snown 
that in such designs the residual and direct effects are 
orthogonal and reduce® estimated variances of direct and 
residual effects* They have given five conditions for balance 
in a basic change-over design* Vhen t * It * p# where fc is 
the number of treatments* 3c is the nusfcer of units in each 
block and p is the number of periods, they obtained eomolet^ 
balance with resoeet to residual effect® by simply repeating 
the treatments of the p period in the <pfi) period.
The designs derived from complete sets of orthogonal latin 
squares require a multiple of t(t-l) units* Th« method of 
analyses of extra-period designs also have been given.

sheehe and Brosa (1961) formulated a nethod of 
construction of balanced designs based on latin squares * 
ihe procedure described by then is as follows:

trite down a cyclxc latin square of the order req’iired* 
interlace each row of this square with Its tpirror image and
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slice the n  x figure down the middle* r#t«re ft is the number 
ef txe&tnsmte* tins columns of each sqmre refer to the order 
of presentation fro® left to right and the rows refer to 
individuals* SfTi.es n is  even both squares are balanced and 

when n is odd the two squares together oave a balanced 
design* they have derived a ogthod of analysis o f sm 

designs*
Fedmrer an# Atkinson {1964) found a general method of 

e<sns tru stie s  of tied  double change-over designs which can1 be 

used In  situations wherein the effects of a tra*tusnfc 

persists fo r one period a fte r the treatment is  applied.

These assigns alleged estimation of Jsotft direct sad residual 
effects* Two types of raastractions* one by using Ct-1̂  
orthogonal lamia squares for t treatseats and the other 
Involving one square for t*evea*“ and two squares for t "odd* 
have been described by them* The method of construction for 
r  «* tq^l rows and c »  to colvrass# vteexs q sad s are positive 

Intigers* involved repeating columns 1*2 and 3 when s is odd 
and repeating ©claims 4*5 and $ fee even ®* Sirliorly ro\?c 
2*3 and 4 were repeated for q odd and rows 5*6 and 7 were 
repeated for q oven* The method of c<ms true tics given for 
t ® 4 with 3 latin squares and r » 4q*l and c « 4® involve 
repeating coltsans t  to 4 for 0 ** 4*7*to* «»« and colursis 
5 to t  for & «  6*9*12* *»• repeating- rows 2 to 5 In rows
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14 to 17, 26 to 29, *.* repeating rows 6 to 9 In rows 13 to 
21, 30 to 33, *** and rms lo to 13 were repeated in rows 
22 to 25, 34 to 37, ••• * An analysis of the design given 
hy then used the linear model

Tijha Rijh <1**̂  ^  Ki<i»i)p^^ ijh>
where [a was the general effect, Vx was the effect of th« i1*1 
colur;ai,(3wa0 the effect of the J1"*1 ror, ̂ was the direct 
effect of treacmnf, was the residual effect of pth 
treatment in the row immediately following the period,
îjn W€r€f indepemSently and normally distributed with mean 

zero and variance <=r and * 1 if h treatment appears 
in the i*** column and j**1 row, and sero otherwise,

1 i£ p1̂  treatment appeared in the row { jvt) 
and in the column, and zero otherwise*

Berenblut {1964) presents a family of designs from 
which direct effects and contrasts of direct effects can be
estimated without loss of information by confounding and

2which require 2v periods and v subjects for v treatments*
He has generalised the design given by Ouenoullie C1D53) for 
v « 2 in Which the direct and residual effects were 
orthogonal, in this method for v treatment® he represent©3 
the treatments by the letters A, B, c, .**, V and defined
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the following arrangements

cC» A B c * « * - r-*

p« V A R * * * V
Vs u V A * ■ * *

''Vj/'ss & G F * * * c

c B 5? * 9 * »

c B C D * ■* * A

Then for cdd values of v* the desi^s given; by him was & s  

given below?

P eriods S u b je c ts  (1 to  v 2 )

1 cC oC ♦ *♦- oC
/

P  V oC

3
y  V * ** )/

4
& G * # • V

♦-# ♦ ♦ • ■*
* # * ♦* *

Vwl 0  CJ • * * y -
V CJ CJ ■**» CJ
V4-1 CJ OC *#•# 0V42

52f 0 ***
0«•• « * ♦ +* * * ♦* **

2 v—1 f3 (3 * •* P
2v ctC  P CJ
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For an even value of v, the lines for periods v and v*2, 
for periods v~i end v+2 etc,, of the above design are 
interchanged» the analysis of this designs has also been 
given.,

Atkinson (1966) has given some designs in which 
treatments form Incomplete blocks v,IfcMn experimental units 
and from which the effect of a sequence of treatments can 
be estimated* 'fhe method of forming designs suggested fey 
aim for t treatments and when the residual effects persists 
for atoost m periods, consist of applying one treatment to 
an individual for k periods, then applying a different 
treatment fcr a further k periods, For attaining balance 
tft-II columns were used such that each treatment is 
followed by each other treatment an egustl number of times 
and no observation© are made from the first Ck-J) periods.
In tnis design row© were numbered from the Jc row onwards 
a© 1,2, •**, k+l and columns were indexed fcy a double 
index <i,J^ where i is the index fcr first treatment and J 
is that of the second treatment# He obtained the design 
with treatments in complete blocks by using the method of 
construction suggested by tilliarts* v&sm t, the number of 
treatments, i n  even he obtained this design fcy relating each 
row of tbs basic design k times and in this design each set 
of t(fc-l) order sequence will fee blocked by the rows of 
the design Into (t~l) subsets and the m t m t s n e n s  will be
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arranged In such a w y  th^t In the first row the i
thtreatment occur® is i column* In case when t Is odd two

latin squares were required and the design was obtained fey 
repeating each row of such latin square® k times# Is both 
the cases the first Ck—I) rows were not need in the analysis*

Taylor (196?) has used orthogonal polynoninals in the 
analysis of change-over designs -with dairy cewr and givon 
four type® of methods of analysis# His method of replacing 
observation® fey orthogonal nolynor'ial® of the form 
2^1** ^  where the coefficients \$*a ^crc qivsn
in the tables by Fisher and IPates {19633# were given by 
Patterson {1950? 19513 end tecas (19513 * They obtained the 
standard deviation of the error term of F^as j/ ̂  | 6-1

and ^  63^ (v#f where is the variance of a
unit observetion basis of F^* Also they obtained the 
estimates of parameters by least square analysis* Another 
method of analysis suggested by Thyler was to oerform a 
weighted least square analysis with welohts as 1/ s-* 
an*J estimating the parameters by minimising

where 9̂ 4 A® a linear function of 'S^and * A third 
method described by Go& (19503 i&as fey fitting regression 
equations of appropriate degree* Patterson and feueae (1959)



performed a least square analysis by omitting the first 
period and they obtained s-f̂ er-fo ^  and an almst
unbiased estimate of error* Taylor made a comparison of 
these methods*

Hair (1967) has glmn one method of construction of 
serially balanced scquencra vhlch are balanced for pairs 
of resadual effects* He has given a method of cons traction 
of standard serially balanced sequences also* He has 
defined serially balanced sequences of order fc with indexira 
and balanced for paire of residual effects as a sequence 
Involving t distinct letters such that any three adjuecent 
positions are occupied by letters ̂ hldn arc all distinct and 
each of the tCt**lXt~2> ordered triplets of letters occur 
serially exactly m time#* He denoted this sequence by 
SBS <t,n,25. According to him a standard serially balanced 
sequence is an SBS in which the sequence after the initial 
pair can be broken up into sets of t, such that each set 
contain distinct letters* the procedure for construction 
of an SBS (t,a*,2 * given by him is as folio®®?

Take nil possible non-soro pairs ti,j) of elements of 
modulus t, whsre i t j and 1 + j 4s 7 mod (fc), and form 
triplets where J « l4l, ±42, ,**, Ct-i-lX (t-l+l),*
(t-H when i< t/2, t even or i<(t H'/S if t is odd? and 
j * 1+1, ±42, ***, Ct-1) when i>i/2, t even or i>{t4-l)/2, 
t odd? and i * 1,2, *.*, How from the t r i p l e t i

15
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for a fixed i, fon a sequence
t{i*mtt+25 I<t~t~l)i(t-i-1)i *•» iCt-SH
«h«m i<t/2, t even or £< <fc+l }/2, t odd* and the sequence
1(Ul)l{i+2U »«• i{t«l)i in case when X ^ t / 2 0 t even or
i^<t+l}/2, t odd, Then cut off the initial i frcm thza
sequence and insert In the sequence 12131 **, lCt~2U, just
after the nwtser i, which is to be done for all i. Frw the
resulting sequence replace the initial i by the pair <1,11
and if t «p 4 and t^3, replace the set of (t-B* nunbers
i h t~l},<% t*l), *,„<t,-l) by pairs (2,2), (3,3), {Ct-15, Ct-1 }
ana When t « 4 replace 3 by <3,35 and 1 by <1,15* PenaLing the
resulting sequence by fxj.} j » 1,2, *««, <t-l) (b»2)+l,
con struct an arrangement A o£ t rows and <b»l) {fc-21*̂  2 eolu’nns 

thwhose <p,q) * element is Cp-15̂  x,? at® Ojr X<n<t,
j^o J u

K q <  <t~l> <t~2)+ 2* Now cut off the initial pair (fc-1, s) 
frcra the row of & and Insert the row so obtained in the 

row of & just after tb<* pair (t-1,0), Cut off the 
initial pair Ct~2, t-l> of the enlarged {t-l^ row of h and 
insert in the <^-25^ row just after the pair <t̂ 2,t«l) and 
so on until we insert the enlarged but truncated second roo 
in the first row just after the pair <1,2 5, The resulting 
sequence is an SBS<t,3,2) and from this sequence an 
5BS|t,©,2), for t^3 and m bi, can be obtained by writing I'down 
the sequence sis (t,l,2) after oniting the initial pair



serially exactly m times and putting the last pair of the 
resulting sequence as its initial pair*

He has also given methods of construction of standard 
serially balanced sequences (SSBS) , one from designs 
involving t treatments such that the possible i(t«4 Kt-^ 
ordered triplets occur m times in each block having t 
distinct treatments and the first and last two positions of 
blocks contain all possible ordered pairs of treatments m 
times each* One method of forming S^BS it*!,1*2} from 
designs with t treatments and in wh^eh all possible triplets 
occur once in each block* each block containing distinct 
treatments* the blocks can be grouped into t groups of {fc-1' 
blocks each and each block in each group starts with distinct 
treatments and end in the same treatment ha® also been given* 
Another method described by him to farm SSBS (t*l,2' was 
based on the designs given by Williams and still another 
method of forming SS3S (t*l,2a was baseu on "round table 
solutions®* He has also been give tbs methods o£ analysis 
of such designs*

Eerenblut (196?) gave a design for testing a quantitative 
factor at four equally spaced levels which is suitable for 
quick -analysis when the presence of first order residual 
effect was accounted for* The arrangement of the design 
was such that the three degrees of freedom for the linear,

V?
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^ladratle and cubic eenporfcsnts of the residual effect© are 
■mu.ua 12# orthogonal* 3tw design given fey M m  was partially 
balanced for residual ©fleets* For the ©utpos* of analysis 
lie h a s  u s e d  t h e  l i n e a r  tm&el

are linear* quadratic and cubic exponents of direct and

He hue also ■worbsd out the estimates of parameters and their 
variances*

serenblufc (1967^ obtained the 8t« of souarea due to 
residual effects adjusted for subjects in the analysis of a 
cMsage«*over design by using (v-»X> orthogonal contrasts 
between the residual effects in the case of v treatments*
If l^r^ is one such eon feres t, then he obtained the su«$ of 
squares associated with the contrast as

nftiere was the total for subjects whose last treatment,
is i# y was the total observations receiving the residual 
effects of treatment i and v was the number of trestsaenfcs*

Abraham and Jha (1968) made an attempt to analyse

residual effects respectively and ê j are iudenenientJLy 
and normally distributed uith m a n  ser© and variance s-2*
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critically the data o£ a seri.es of experiments designed to 
study the direct and r*«*ducl effects of pb*osphate, Che 
design used by them consisted of 12 treatment sequences and 
treatments were alioted to different plots of a single 
replication successively Cor six years. The treatment 
sequences in the first three years were repeated for the 
next three years also in this design. In the first sequence 
treatment was applied In the first year and no treatments 
were applied in tbs next tvo years, In the second sequence 
tne treatment was applied in the second year and the same 
treatment was applied in the third ye-*r in sequence 3 and no 
treatment **ppXxe& in the rest of the periods* A similar 
arrangement m s  raade for the next three sequences with 
replaced by r>2* in sequences 7 to 12, treatments S^, p^,
C, C -and o ’ ere repeated in the first three years respectively, 
ifere 22*4 kg X%0g/ ha, P^w 44*8 kg P^Og/ha and

* 11*2 kg P^Og/ha* C is plots with only a basal dressing 
of nitrogen*

Berenblut (29685 has given a method of constructing 
chanqc'«over designs for tasting treatment factors at equally 
spaced levels* The design given by him ’/as consisting of 
n Xatin squares and required v periods and nv -sybjteets for 
V treatments * According t© him the requirement of such 
designs m s  that the degrees of freedom for the linear 
residual effect should xx. orthogonal to the linear.
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quadratic, cubic etc*, degrees of freedom of the direct 
effect ♦ T>%&a the degree© of freedom for the linear direct x
linear residual interaction should -e orthogonal to each 
degrees of freedom of the main effects* Under these 
conditions he has shown that symmetrical tfc-igns exist- for 
v^>3 treatments and it require <v->) Is tin squares for v 
even and (v~35 latin squares for v odd*- Be has also been 
given the methods of construction of lion-symmetrical designs* 
The method of analysis was also given*

Davie and Hall <1369) have shown that when in a cyclic 
incomplete block design ©locks are considered as treatment 
sequence© and rows are taken as period© we will get a class 
of change-over designs* The cyclic Incomplete block design 
for t treatments and block sire p va« obtained by developing 
some number, b# of initial blocks mod (t)* Then they 
obtained the required design toy the cyclic development of jone 
or more generating sequences of treatments corresponding to 
the ini tie! blocks of the cyclic inco-^lete block design* 
a special feature of this design Is that they may be analysed 
after spy number of periods and further periods may be added 
i£ required * They have also given the method of onaiysicr 
and efficiency of the cyclic change-over designs for 
different: valuer of t and p*

Berenblut <19733 considered a type of sequences that



ar© fully ’Nalmced for quant itoiivc treatments «-t rq~illy 
spaced levels and having an in ’ex Ha has ferried lancoc 
sequences for four quantitative trcan^nts by urr&r,qir<? the 
d* srgn- far four tres-tncnts given by Berenblut in
serial form ?nd using the c^wrsloa suggested by sarolord 
(1957 > • In tliis design the treatment should be in 
ascending or deseenfutn order * f& has cô strue'jed a balanced 
sequence for ftvr* quantitative treatments by using two oairr 
of latin jrju res to attain serial balance iron thr deal 7ns 
for’nsd by Berenolut 0^63 £ r five treatnrnts* The igne
formulated by him were serially balanced Cor linear res <3ur 1 
effects »

Batter son (107 }̂ has stows thwfc though the dee’■arc 
described by Berenblut (1984) were ««jitâ X« for the 
esti'nstaa.i of direct any residual effects* other ere
yrrfrruble for the c^tioatljn of linear direct x line ar­
rest iual interact a mi* 1Ie bun Ocrcr-lbed scout the censtr id Ion 
of a large family of design* than let given by t^r^nnlut*s 
“>ethod. ’Is bus also been considered th** ef Cicxency c£ 
ectimataota of linear direct x linear recddiul interaction * nd 
has been abeam that vhese designs have a factorial structure 
and it could be use?; to arrange the subjects in blocks _wh 
mnioun confoundinq* The method gi/en by h n  consjsted d£ 
uritrng donm the Xu combinewions of levels in periods one an*
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which were useful for te'stihj fete*-trouts ot equally rpaced
levels. They haw also hstn ouven such dec gns for 2" and

Gray G. icoch <1972 > used non-parametric nefchols in the 
analysis of the two perrod cnungc~over desxqn. in tola 
design tvfo treatment c %’ere copl icd to rwc groans of 
individuals In two '«nocls c-nd observe cions were tak^n * 
two periods. *fe» has used the linear ‘hcdel.

r^an Kcro end variance ©-̂f . Then the non-p ran'”trie 
’■is »_hod for testing the crû l-tty of residual rfCents eng < 
by hin v<-53 ba^ed on the feet that unoor th~ riypoLhe® ?s h„,
th*> ’ithin subject satisfy th« sa^e nodel for the
subjects in the f © different ceouenoes. Hence a non- 
par«r-rtrjc realistic xfds obtained! hv ronSdLnc; the ®-ms and 
adding the r^nhs in the chiller sanules. ic by asin^
"xlcoxon test to the sins, in e s^-uler manner for res tin j 
the eq ilit/ of direct efrests in the absence of resid ial

and f o ^ w e r e  Cistrifcu ,cd independent 1/ and norn^Jly ’ th
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effects* the within subject differences satisfied the sane 
model and hence by ranking the differences and adding the 
ranks in the smaller sanies the nŝ -oar&netric Wllmxon 
tests to the differences could he aoolied* He obtained a 
non-parametrie statistic for testing period effects in the 
absence of residual effects by ranking the cross-over 
differences and by adding the ranks in the smaller eanoles*
The bivarlate Mlcoxon statistic for testing tne equality , 
of direct and residual effects simultaneously has also hem 
used*

Saha (1972) defined j>&rti&lly balanced change-over | 
desians as & design in which cacti experimental unit receives 
a cyclic sequence of several treatments in successive periods 
and whxeh estimate direct and residual effect with varying 
degrees of precession* Two types of partially balanced 
dcsxgnn which are XPjesign* and X7?designs has been defined 
by Mm* He described them as follows*
Suppose in a change-over design X. * is the number of times

*> i■the treatment parr Ci*J} occurs and /J* xs the number of 
times the treatment pair (i#J) occurs in sequences with j 
in the last period and >| is the number o£ times 
treatment j is immediately proceeded in sequences by treatment 

i » $ «? 9*1*2* •*«# £v-l̂ *
than »/3«meS >J* * )/ for every i and j then the
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design become balanced* Xp5 design is a design lor -which
fj> “f2, and ^ * 4= "/for every i and j# i 4 j o f>,

1* • « •# (v-lh X7] design is a design for which 3S /XA  ̂
and ^ i ̂ Vlor every 1 and j where *1̂ =* ^  '+p.

The methods of construction ox two series of XP’deslgns 
and one series of ̂ design has also been given* î lso he has 
constructed a xpdesign for 3c periods and v sequences fron the 
leading sequence {â # â # ,.*# where a^*s are distinct
elefaents of GF (v)# by adding eiemnfce to the sequence ♦ 
then the number of treatment v is of the forn 4n̂ l, he 
obtained the leading sequence as

|p# 2s# {2nf>4t)s# •••# (1.̂ 4 + *•*’*■ v»1)s| and

[0# 2as, «•»# <2-̂ 4̂ *.*+ v-l)«s] where s is 0 non-zero
element of or (v) and*a‘any odd power o£ the primitive root
#x* of GF CvK In case wnen v is a prim power the leading 
sequences <x°# x2* ♦ *.# xv~3# 0 $ and (x1# x3# .*.# xv~2, o) 
reduced modulo v gave a design with (v*l ) /2 periods and 
2v sequences* Tor any prim or prim power v# of the form 
4n+3 he obtained a A*) ?SCOP frcn* the leading sequence 
Cx°# x2# •••# xv~3* o) or Cx1# x3* ..** xv~2, a ) with 
(v*l > /2 periods and v sequences. A method of analysis of 
such designs has also been given.

Patterson (1073) has compared and extended the three
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Sharma C19S2) has been given a method* of construction 
and analysis o£ extra-period balanced change-over designs 
for t treatment® in 2nt periods using fc subjects. He 
denoted the treatments by 0#1*2, «,*, (fc—l) and formed two 
initial sequences of 2t elements each by interlacing the 
elements of the sequence 0,1,2, ***# t-1 with the elements 
of the reverse sequence t~l* t-2# ,.M  1,0 as

[o. 1 / 1# »*-*, 1, t— 1, o sno

[t— 1 1 O ,  t—2 ,  1, *•« , 1 ,  t—2 ,  O# fc— 1 *j

By developing either of this sequences he obtained an
arrangement with t rows and 2t columns* Then by repeating 
the 2t columns in the same order n times he obtained the 
required sequence* In itus design each treatment occursd 
once in each oeriod and 2n times in s«ch sequence and each 
treatment was preceedrd by every other treatment 2n tines 
and itself toy (2n-l> times* He added an extra period at the
end toy repeating th« last period treatments to make the
direct and residual effects orthogonal. This design is 
called extra-period change-over design and was having (Tnt-s-l) 
periods for fc treatments* The methods of analysis both by 
retaining as well as orfting first period observations has 
also been given*
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In the present investigation construction oS, designs 
that are balanced for residual effects are being undertaken*
This has been done through different approaches*

The first method of construction of £**lanced design is 
based on cyclic latln squares* The method is in the line of 
Amble (1977' as given in the follo'tlng steps?

1* Write down a cyclic X&tin square of the order 
required*

3* write the la tin square vhieh 1® the mirror image of 
the cyclic latin square*

3* Interlace the two squares toy writing one column of 
one square and one column of the other square 
successively and slice in half to get two la tin 
squares*

4* trite tae two iatin squares with rows as columns 
and vice versa*

The second method of construction of designs balanced 
for residual effects la based on orthogonal lotin squares. 
The regular method of construction of orthogonal la tin 
squares is as follows s

let o# 1# oC * oc2# the elements of a Galois
field# -SPCp15*# $) where p is a prime number and n a positive
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in tiger and cC is the primitive element of the Galois- field.
T'ViIf we denote ny the I  element of the Galois freld# 

then the element in the x *  row and coXu"*n of the lfc** 
orthogonal latin square is given fey the expression 
ui ux + uy * * “ **2-* ***# {«?-!)* s#y « o#l#2# ***, (s«l' and

2 >f-cluo= o# Uj« 1, u3wcc# oC „ Ihere are (s«X>
such orthogonal la tin squares of order s. Fhcn the first 
latin square (key la tin square) is obtained# the rest of 
them can be obtained by suitable permutation of the rows*
If we denote the squares by h ^ , Lp# and the rows
of the first square by o# 1# *•*# (s-D# then can be 
obtained from as follows*
From Lj# cut off the first row and add as the last row to 
obtain By the same procedure can joe obtained from
L?* Continuing this procedure we can obtain all the (s-1} 
orthogonal lavin squares of order s«

Now for obtaining the first latin square ve have the

But u -f u is nothing but the addition table of the Galois * y
field after arranging the elements in the order uQw 0# u ^  1, 
u2 =soC* u3*cC# *«*# u ^ a  oCS t Now by replacing each element 
in the add.itj.on table by its suffix we will obtain the first 
latin square* Hence can obtain all the (s-1) orthogonal 
latin squares in this way*
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•\ third method o£ construction of designs which are 
balanced for first order residual effects which is going to 
be discussed is baaed on the construction of serially 
balanced -sequences given by Rair (1967), The method given 
by him for constructing an S8S {t,l*2v is as follows:

Denote the t treatments by the element® of a residue 
class mod <t). Consider all possible pairs of tsoiwsero 
elements <1,j), i 4* j, of the residue dess such that 
1+j £ o r>od Ct)» s'rora the ordered o&ire of typer (i, j' and 
t j#i) form triplets (i, j,i), j» i*l# 1+2, *.*,

.... (t-1) when i< t/2, t even or i< (t*l}/2# t odd; 
j » i+l, i+2, (t-l), when i>t/2# t even or when
i> (t+I 3/2, t odd; ■where I « 1,2, #«., (t~2 5 . x%en t is odd, 
there are %£t-l) (t«33 such triplets and when t is even 
there are such pairs* From triplets <i,j,i), far a
fixed I ,  form a sequence KX+t >1(1+2 31 ,,, i)I(fc-i+1 Ji 
... i{t»i)I, when X-<fc/2# t even or when i< t odd?
and the sequence i{i*iHCi+2)i ... i(t«l)i, when i>t/2, 
t even or when l>4ti4 )/2 t odd* Fe get. (t*2) such sequences 
whan i takes the values 2 , 2 , . „ . , N o w  cut off the 
initial 1 from the sequence iCi+l)l(i+23i •«.* iCt-X)i and 
insert this sequence just after the number 1 in the sequence 
12131 ... 1 (b—231* which is to oe done for all 1 « 2,3,
(t«2). 2n the single sequence s o obtained, replace the 
Initial 1 by a pair (1,1). In addition if t̂ 4 is even.
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replace a set of Ct-33 numbers 2*3#***, , ( h £ + l ) ****•

(t-1) in this sequence by pairs {2*2}* (3,3),****(t-.l*t-l>*
Mhen t « 4, replace a 3 in the sequence by the pair (3*3̂
in addition to replacing 1 in the sequence by {S#l>* Denote
the sequence so obtained by {xj] # jf» 1*2****# (t—1) (fc—2H1*
Prom this basic sequence construct an arrangement ®> of t
rows and Ct-.lHi.-2H2 columns such that the Cp*q)fe}1 elementq-1
in A is given by (p-lH ■> se*# \vhere x.*> Qy 1<p<t#

j55 J °
K  q<T Ct-l) (t—2>+2* how cut off the initial parr (t—1 ,0 }
fro© the row of & and Insert the row so obtained into
the (t-l)*** row just after the pair {fc-l#o)« 'Then cut off

ththe initial pair Ct-2, t-1) from the so enlarged Cf-1' 
row of & and insert this truncated but enlarged row
into the Ct-23th row of A just after the pair (t-Ŝ t-l1 in 
it and so on until we insert the enlarged but truncated 
second rms obtained after cutting off its initial pair 
(1*2) In it* The resulting sequence is an SBS <t*l*2H

Analysis of the design® using latin squares are being 
discussed taking into account the first order residual 
effects*
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la the present investigation three different method© 
of construction of designs wtoich are balanced for first 
order residual effects are teeing discussed* * general 
simplified method of analysis of such designs based on an 
intuitive method is also tried in this investigation*

The different faeiteods of construction discussed here 
are (1) method of construction in the line of %mble (1977). 
<2} method of instruction based ©a orthogonal latin 
squares and t35 method of coastruetion based on the method 
given by Hair Cl967)»

The design required for a number of treatments can be 
obtained by this method in the following steps*

T̂ rite down a cyclic latlht square of the order 
required*

Hrite the latin square which is the mirror image 
of the cyclic latin square*
Interlace the two squares by writing one column 
of one square and one c o l u m n  o£ t h e  o t h e r  square 
successively and slice in half to get two la tin
s q u a r e s *
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step 4m hints the two square® with rows as columns and 
vice versa*

If the number of treatTCnts is ©van each one of these 
two la tin square® will be balanced and when the number of 
treatments l& odd both of these la tin squares together give 
a balanced arrangement*

By definition*© design is said to be balanced if every 
letter follows every other letter equally frequently*

A general proof of how this arrangement becomes balanced 
can be given as follows:

let there be p treatments* Tafce a cyclic 3Utin square 
of order p in numbers 1 to p« shall assine that the
first row is 1,2,3# ***# p* the latin square is symmetric 
in the numbers* shall denote this latin ©square by C 
and its colussi® by C^, C^# *•*, ĉ *. Now define another 
latin square a obtained by placing the column© of C in the 
reverse orders that is a *» (C&, C^^# **** C2*C1' * lJr' ®ha3>i 
call a, the mirror reflection of C* Thus for example for 
p a* 4 and 5

1 2 3 4  4 3 2 1
2 3 4 1  1 4 3 2

o »  and a »
3 4 1 2  2 1 4  3
4 1 2 3 3 2 1 4
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A 2 3 4 5 5 4 3 2 I
2 3 4 5 I 1 5 4 3 2
3 4 5 1 2 and R « 2 1 5 4 3
4 S 1 2 3 3 2 1 5 4
5 1 2 3 4 4 3 2 1 S

shall now determine the position of i in c. if 
it,}) denote the row colarw position, A occurs in|
Cl xn positions (1#1) , (2 ,p), (3, p**l) # (4,p»?5, • •»,
£i, p—(A—AlJ, *«*# Cp-1,3)f (p,25•

The elements in the corresponding position© of £ ere 
obtained by remembering the fact that the (i, j5fc** element 
of i© ft, p-<j-A)j tJl element of C. Hence these elements 
are p, 2,4,6, •»«, 2 (i—A}, *-**, (j>»4 5, (p»?), wnere when 
2(1-15 exceed© p, it will have to be replaced by the 
remainder after division by p.

In P, the element 1 occurs in positions 
(3,~5, (4,3), *•», (1, 1—1), •««, (p—A, p—?), (p,p—X) and 
the element© in the corresponding position© of C are, 
p,2,4,6, •**, 2(i-1), (p-4),(p-2) where, when 2(1-1)
exceeds p it vill have to be replaced toy the remainder 
after division by p.

Further we note that the element in the (i,l'th position 
of C is i+J-l, when fchxs exceed? by p it mil haw to be 
replaced by the reminder after division by p.
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Kovr we differentiate the two cases nanely p  m 2k  and 
P a 2k+l*
Case (i) p » 2k.

he shall denote the columns of C lay CJ# ĉ , .... 
and the same of a by R^, ft,* ..*# R,^* now consider the 
arrangement

C! H1 C2R2 *** CJc\  ‘ - (X)
so that it has 2k rows and 2k columns each containing the 
2k numbers exactly because (15 is nothing but the 2k 
columns of C in some order.

In the element 1 occurs in in the second row
and fcne element in the corresponding position of Cj is 2 
and hence the ordered pair (2.1) is obtained. Ms 1 occurs 
in the first row and the corresponding position of R̂  is 
occupied by 2k* the ordered pair (1.2k) also is obtained.

Consider the arrangement • Thp ele rent 1 occurs
in C, In the 2k row and the element in the corresponding 
position of is (2k-l) • Hence ve get the ordered pair 
(2x*l# 15. Since 1 occurs in in the second row and the
element in the corresponding position of e2 is 3* the 
ordered pair Cl.35 is obtained. Thus from w  get the
ordered pairs (2.1). <2k~1.15, (1,2k), (1.3) each occoring 
once and these are the only ordered pairs in which I can h& 
an element.



36

Consider the arrangement ’rf® element l occur© In
&2 An third row* The elemnt in the corresponding 
position of c2 ia 4 and hence we get the ordered pair f<4,lU 
Since the element i n  the 2ktl* row of R^ is 2k-2* t h e  

ordered pair Cl# 2k~2) is also obtained*
It *s now clear that the ordered pair in which the 

element l is the second number can arise frm c^#
1*2 # #*** It and also from f*s3.*2# «•** 3c*

Ke have already seen that the element 1 occurs in c in 
the position {i* p-(i-2lj * Putting J « p*.(l~2} we get 
i* p-j+2. Thus in the column of c  the clement 1 occurs 
in the (p-d+r^^ row. As already observed the Ci^jP^
©lament of r is the fl* p -*C >l) }  t?* element of c , «v* 

element in the Cp-i*? )til row of R£_j is (p-1+2* 1-13^ 
element of R and this is [p~i*2# p~(i—?)} « (p-i+2# p-*i+? 3 
element of C and this i® (p-i+2 3+C&~i42 )-l ** 2p~2i+3 and 
this should be replaced by the remainder after division 
by p- when it is greater than p* Since we have taken 
p»2k* R ^  gives ria® to the ordered pairs (4k-2i*3# 13* 
i®2 #3 # *•» #l£*

Putting i«s 2*3* • »** k* we get the ordered pairs
<2k-x3*13#(2k—3*13*<2k-5*13* *.**{5,11# <3*1> ~ ~ - (2)

In &£# the element 1 occur in the (i+l>^ row* The 
element in the (i+l)£tl row of i« l+tl+13-1 « 21.
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Thus i=sl.2,**». k gives the ordered pairs
(2.1>,{4,1M&.1), .... (2k.l) - --------  (31

Combining (21 and (3) the element 1 follows every other 
element in its row once. Hence if D « c^RjC^ «*« ih
the colutm & of D* every element is followed fey 1 exactly 
once* Since this is symmetric in all the elements it followr 
that every number follows every other number exactly once*

in the eleruent 1 occurs in the (p-i+2) row and 
the element in the corresponding position of R^ is same as 
the element in the [p~i+2, p»(I—1)} *** position of C and 
this is p-i 4*2 4p-(1-13-1 w 2p-2i+2 » 4k-21^2 bscause p = 2k* 
Hence ^ives tlle ordered pair (l,4k-2£(2), Iwl.2,
That is gives the ordered pairs

(1.2k).<1.2k-2}.ll,2k-4). .... (1.2) -■---- - -  (4)
In the element 1 occurs in the i ^  row. The element
in the i**1 row of is 21-1. Hence R^C^. i-2. ...# k 
gives the ordered pair (3.21-13. i« 2,3.*... k.
Thus i»2. .«*, k gives the ordered pairs

(1.3).(1.53.(1,73..... (l.2k-l)   - -  (5)
CoraSxlning (4) and (5) we See that 1 proceeds every number in 
the row of S exactly once. This is same as sa/ing that 1 
preceeds every number in the columns of D* exactly once.

Putting together <̂ 11 the results of (2). (33. (4) and (S)
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we see that I follows every other nunber exactly once and 
it also Is followed by each of the other numbers exactly
once in the eolums o£ £*. Since the arrangement Is 
ayraretric in all the numbers. what is true of I is true of 
other numbers also*

flow define

D ® *̂1 \+2 °k*2 *° R2k C2k
* *Te \  CS>1 \-l *** C1S1

This is b written in che teverse order, in D* every number 
is followed by every other number* The sang property will 
be true for also, this comr letee the proof for p « 2k*

Case (ill p » 2fe<*l.
Consider the arrangeinanfc ... cy^. cy+J ** D̂ .

The ordered pairs involving 1 can arise from pairs o£ 
cclims of the types C!**i ̂  Ri Ci-j*l*

Cake the pairs of the type CjR^, In R̂ . the element 1 
occurs in the Ci^l^ row. the element in the <1-̂ 11th row 
of is U+D+Ci-Jn « 21? i »  1.2. .... k* Thus gives
rise to pairs of the type

(2.1), (4.1). (6.1). .... (2k. 1> - - - - - -  <6>
Turning to pair© of the type K£Ci*i*  ̂53 k*

h* note that in the nlesmnt 1 occurs in the (p-l+D^row.
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The corresponding element in Is the (p-d 1*1*15 element 
of R whi<5i is the [p-l+l* p~(i-»15jth element of G* This 
element is therefore equal to Cp-i+1}-** p * ( W M  =» 2p»2i*l »
2 (2it4l5» 2i+l **■ 4k—2f*3? Is* 1#/# *•** k*
Thus we get the ordered pair©

{?k»15*{2k-r*l}* (2k-4#15# (4,1M2,X> - - - - - [75
We note that (6 5 and (7) are identical* T m ia in the rows 
of Dj * that is in the columns of Dj * each of the ©airs 
in (7) occurs twice*

Hew define =x* \ +1 ck+2 «K+7 <5-<+j —  Sfcrt V l
Here also the ordered pairs involving 1 arises from pairs 
of columns of the type * i » k+l# K*2, *..* 2k and
of another type C^Ri# i * k*2, **** 2k+l#

Take pairs of the tyoe * i -* k+1* 2k*
In the element 1 occurs in (p-I+l)*31 row* “Hie

tilcorresponding element of is the {©-1*1,15 of a* which 
is the p-d-XjJ^ element of C and this Is
{p-i+15*(p-i*t)-l *» 2p~2i-*-X* i» k+X* ***# 2k* This gives 
rise to the ordered pairs

(2k+X,l),(2k-l,15* <2k-3,l)„ .M  (5,13,(3,1) .   , (8)
Taking the pair© C ^ ,  i *» k**2, • 2k*l, the element 3

occurs In P., in the (1*15^ row and the element in the
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corresponding position of is 21, X w k+2, k4-3,».., 2k+2. 
This gives rise to the ordered pairs

C3,l),{S,i),(7,l>, (2Jfr.l,H,(2k*l,l> - - - -j ( 9 }

Thus in the rows of Ej , that is in the columns of s| , each 
of the ordered pairs in (9) occurs twice.

T a k in g (6’i, (73, (8) and (9) together we see that the 
columns of Bj and E* give all the paired differences 
involving 1 exactly twice*

Ke further note that when p is odd, the columns of P| 
and together alone will give all the paired differences. 
Since the cyclic latin square is symmetric in all the 
elements what is true oC 1 is true Cor any other number• 
Kencc the proof for p Is odd.
s’xamplee;-
Cl) p « 5, ie an odd number*

Denote treatments toy 1,2,3,4 and S. Cyclic latin 
square c required and its mirror image R are

1 2 2 4 S 5 4 3 2 1
2 3 4 5 1  1 5 4 3 2

C ss 3 4 5 1 2 and R » 2 1 5  4 3
4 5 1 2  3 3 ° 1 5 4
5 1 2 3 4  4 3 2 1 5
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Interlacing column® of C and R and slicing in half and 
writing colw^a as rows? of each la tin square we will get 
the following designs

Square X Square ix(Sequences)
Periods X XX XXX t v V VI VII VIIX IX X

X 1 2 3 4 5 3 4 5 1 2

XI s 1 2 3 4 4 5 1 2 3
XXX 2 3 4 S 1 3 4 5 1
XV 4 S 1 2 3 S 1 2 3 4
V 3 4 S 1 2 1 2 3 4 S

the above arrangement as a whole will give a balanced 
design with 5 treatments, 10 sequences and in 5 periods.
(2) p « 6 which is even and so two- separate designs cure 

possible, which can be obtained by a similar procedure 
and it is given belows
Treatments are denoted by 1,2#3#4,5, and 6.
(i) Sequences

Periods X XT lit XV V VI
X X ? 3 4 S 6
XX 6 1 2 3 4 5
III 2 3 4 S 6 1
XV 5 6 1 2 3 4
V 3 4 5 X 2
vx 4 S 6 2 2 3
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(ii) sequene m
Periods I II III TV V VI

I 4 5 6 t 2 3
IX 3 4 5 6 1 2
itr 5 6 1 2 3 4
IV 2 3 4 S 6 1
V 6 1 2 3 4 5
VI I 2 3 4 5 6

(3) p * 7*
Is K€ denote the treatments by 1,2,3,4,5,6 and 7, the 

required design with 7 periods and 14 treatraent sequences is
Square I Square II

(Sequences)
Periods X XI III XV V VI vxx VXIX XX X XX XXI a H H XXV

I 1 2 3 4 5 6 7 4 5 6 7 1 1 3
II 7 1 2 3 4 5 6 5 6 7 1 2 3 4
H i 2 3 4 5 6 7 1 3 4 S 6 7 1 2
IV 6 7 1 2 3 4 S 6 7 1 2 3 4 5
V 3 4 5 6 7 1 2 3 4 5 6 7 1
VI 5 6 7 1 2 3 4 7 1 2 3 4 S 6
VIX 4 5 6 7 I 2 3 1 2 1 4 5 6 7

(4) p  « 8. treatments are denoted b y 1,2,**»,3* Since p is 
even there are two squares each of which will give balanced 
design with 3 treatments, 8 sequences and 8 periods*
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U) Sequences
Periods X X I XXX IV V VI v x x m i

I I 2 3 4 5 6 7 8
ri s 1 2 3 4 S a 7

i n 2 3 4 S 6 7 3 1
IV 7 f5 X 2 3 4 5 6
V 3 4 s 6 7 a 1 *5

VI 6 7 8 1 ? 3 4 5
vrx 4 5 6 7 a I 2 3
vtxx S fi­ 7 3 i 2 3 4

<11) Sequences
Periods I ll III IV V VI VII VIIX

I s 6 7 8 1 2 3 4
II 4 5 6 7 s 2 2 3
sir 6 7 8 1 **%>c* 3 4 S
IV 3 4 5 & 7 8 2 2
V 7 8 1 2 3 4 5 $
VI 2 3 4 5 6 7 8 i
vtx £ 1 2 3 4 S 6 7

VIII 1 2 3 4 S 6 7 8
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Method ?*
This method of construction is by using orthogonal 

latin squares* This can be stated in the form of a theorem.
Theorem?- la a set of (s-1) orthogonal latin squares of 

order & x s# each treatment follows each other 
treatment exactly <s-l> tines.

For the proof of this theorem we require the following 
preliminary Ideas end lemma.

Let us consider the orthogonal latin squares of order 
3 and 4* They are

and

0 1 2 0 3 2
1 2 0 2 0 1
2 3 1 1 2 0

0 1 2 3 0 1 2 3 0 1 2  3
1 0  3 2 2 3 0 1 3 2 1 0
2 3 0 I 3 2 3 0 1 3 3 2
3 2 1 0 1 0 3 2 2 3 0 1
Let a|3) be the sum of arrangements showing the

proceeding i in 3 x 3  latin square and ft̂4^similar sum in 
the case of 4 x 4  orthogonal latin squares. Then

(3 ) .
-  2 -

- 1 2
— 2 1

(by matrix 
addition)
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<3}

*3)

(4)

C4)

* - O

2 ~ -

** m 2
2 »  —

O -  -

- o -

0 - 2
2 - 0
o l ­
i o -

(by matrix 
addition*

-do—

- 1 - - - 1 2 3
*<4,« - - 3 ~ + — — —. 2 4 a* - 2 3 2

- - - t « 2 - - - - 3 - _T 2 3 l

O - - -
- - - ?
- - o -

-  - - 3 -  ~  2 - 0 - 2 3
4 - . O  - 4- 3 -  - - a* 3 - 0 2
3 - -  - —  —  —  2 3 - 0 2

- - - 3 O - - - - l
.(4) 1tt-< - 3 - - 4 - -

- 3 - - - - - a 1 -

o 1 2 -

it01 4*2 - * « t*411 BB 2 0 1 -
2 - - - 2 n 1 -

In general if (s—1} orthogonal latin squares of order s 
are considered, assuming that the first row of every latin 
square is 2,2,***,s , *j3i will be a (o-2>x s arrangement in 
which J t i l coins®! is blank and every row vili contain 1,2,*..,a 
(except j )  exactly once,
beitgna - is- bet there be (s-2' orthogonal latin squares of 
order ar x s in numbers I to g, The first row of ea<di 3 a tin
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square has numbers 1,2, ...,s in that order in the a columns, 
Cake any (s-l) numbers except j, one in each of the (s»l) 

columns other than the j*̂ 1 column of one of the orthogonal 
latin squares P ^ , say, if these numbers are distinct a set 
of elements which fall on these numbers 'when the (s-1) 
orthogonal latin squares are superimposed on will contain 
each of the (s-1̂  numbers (other than j) (s-21* times*

Proofs-* Let â , a?, •»*» be the numbers
in the first, (j+1 ) t h , sth columns of T̂ .
Assume that these are distinct* then (s-1) orthogonal latin 
squares are superimposed on P ^ , the numbers other than j 
which fall on

are and other (s-*2) numbers other than j?
â ,, are and other (s-2) numbers other than j;
etc*
In the set so obtained each of the numbers other than j 

occur exactly Cs~2) times.
Hote - Ix- If we take any one row without j the lemma will 

be satisfied*
Lemma * 2.»» Let there be (s«i) orthogonal latin squares of 
order 3 x s  in the numbers 1,2,.**, s. The first row of 
each latin square has numbers 1,2,...,s in that order in the 
s columns. Take any one of the orthogonal latin squares,
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s a y  Pj, and take Cs-X) numbers other th an  j  In (s-X) columns 
excluding the j1*1 column* If the set of elements uhleh fall 
on these numbers, when the Cs-i) orthogonal latin squares 
ore superimposed on P ^ , contain each of the numbers other 
than J equally frequently, the (s-l) numbers taken in are 
all distinct*

Prooft- We shall establish the result by obtaining a contra­
diction* If possible let there be two identical numbers, 
say among the (s-1) numbers taken in P in (s-1)
columns other than the J * Let us assume, without loss of 
generality that (â , a ^ )  occurs in th e  first two coltsmns*
It then follows rhafc when (s-1) orthogonal latin squares are 
saperinposed on the numbers which fall on

in the first column are and (s«2) numbers other than j 
in the second column are â anc!(3-? }numbers other than J* 

in the first. oC these 1 will not be present and in the second 
2 will not be present* T t i m  i n  the overall set of elements 

will be present (s-1) times and each of the other numbers 
other than j atmosf. (s-2) times* Hence, if the set is to 
contain all numbers other than j, equally frequently, the 
orthogonal set from should contain (s-11 distinct numbers.
Hots ;- if a multiple of <a-l) numbers are taken in

lemma - 2 will be true if each of the (s-1) distinct 
numbers occurs equally frequently.
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How take one of the orthogonal latin squares &nd 
replace all members other than those immediately preceding 
j  by zero* Denote the square so obtained by <s-l).
Add Dj, i»l,2# as if they are matrices of order s  x  s*
Let D =* ..*-»• . Then D is a square 'With jfc** column and
last row containing zero only* In other places we get elements 
which precede j,* Superimpose the (s-Jl orthogonal latin squares 
over the square and obtain the set of numbers, excluding j, 
which fall on the non-zero element of D. By lemma-! each of 
the numbers other than j  will occur equally frequently in thxs 
set and therefore by lenma-2 the basic set constating of the 
non-zero elements of d will contain each of the numbers 
X#2# ♦ *., s excepting j equally frequently*

Proof of the theorem stated*—
We shall denote the elements of the 3slois Field 

O P (s=«p>n} where pis a prime by
u0« 0, û ss X, n2*o(, xx^x c£2, us-l® ̂ S *

where cC is « primitive element of OFCa>* Then if we put j, 
where j  is? defined by 0^ +  ty» , in the xtfe row and yth 
column of i latin square, s-X, we get (s-X̂
orthogonal latin squares of order «. In all the (a-!) aquaria 
$ occur i n  the Cj+i) column of the first row. Excepting this, 
for any given i

^y35 Uj ~ 1-- - - Cl)
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has (s-1) solutions* The element proceeding j  in the same 
column when (1) holds true is j* given by

" A - 1 + v  uj'   (2)
Hence talcing the difference b e tween <!} and ( 2 ) we get

ui (v  ̂ t-i5 = (ur  “j* ' ---------  t3!
Since «x 4s and û , * the equation (35 has a non-zero
solution. The equation (25 has ercsctly ts?-l) solutions for 
a fixed 1* this is true for all i «. 1,2* **.„ (a-15, 
in the (s-I) orthogonal latin squares (s-15 (s-15 numbers 
immediately preceed j. have already seen that in this set 
each of the (s-1) number® other than j occurs equally 
frequently* Thus each number preceedc j exactly (s-1) times 
in the Cs-1) orthogonal latin squares.
Corollary - 1;- In (s-1) orthogonal latin squares ©£ order s 
each number will precede oth^r numbers exactly (s-1) times*
The result follows Immediately from the troof of the theorem*

Corollary- 2:- since every pair of treatments occur the same 
number of times every sequence wj.11 occur the same number of 
times*
g3camoles t -
(1) s « S* The orthogonal latin squares in which the treatments 
crc denoted by 0,1*2*3 and 4 are given below which as a v̂ hole 
will give the required balanced design for S number of
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tr«atrnents , with 2o treatment sequences ana 5 periods.

CD (ID
a I 2 3 4 o 1 2 3 4
1 4 0 3 2 4 3 1 0
2 4 3 i 0 3 0 1 4 2
3 0 1 4 2 4 3 0 ■*u 1
4 3 Q 2 1 1 2 4 3

( i l l ) and Civ)

Q 1 2 3 4 0 1 2 3 4
3 0 1 4 2 4 3 0 7 1
4 3 0 2 1 i 2 4 Q 3
1 2 4 0 3 2 4 3 1 0
2 4 3 1 0 3 0 1 4 2

(2) s *  7 . elements of cr (7) are 0*1 ,3 ,2 ,,6 ,4 ,5 end the 6
orthogonal la t in  squares of order 7 ares

CD t in
o 3 2 3 4 5 6 o :t 2 3 4 5 6
1 3 5 ? 0 6 4 2 «3 4 6 3 a 1
2 5 4 6 3 O t 3 2 6 5 1 4 o
3 2 a S 2 4 0 4 O 3 2 6 2 s
4 O 3 1 6 2 S 5 6 0 4 2 ? 3
S 6 a 4 2 1 3 6 4 3. 0 5 3 2

6 4 1 O 5 3 2 1 3  5 e 0 6 4



(ill)
o 1 2 3 4 S 6

(iv)
0 1 2 3 4 5 6

3 2 6 5 1 4 0 4 0 3 1 6 2 5
4 0 3 1 6 ? S 5 6 0 4 *nA 1 3
5 6 0 4 2 I 3 6 4 I 0 5 3 2
6 4 1 0 5 3 2 i 3 5 2 0 6 4
1 3 5 0 6 4 2 5 4 6 3 0 t
2 5 4 6 3 0 1 3 2 6 5 1 4 0

(V)

o 1 2 3 4 S 6
and (v,l)

0 1 2 3 4 5 6
5 6 0 4 ? 1 3 6 4 1 0 5 3 2
6 4 X 0 5 3 2 I 3 5 2 O 6 4
1 3 5 2 0 6 4 2 5 4 6 3 O 1
2 5 4 6 3 0 1 3 2 6 S J 4 0
3 2 & S 1 4 0 4 0 3 1 6 «■» S
4 O 3 1 6 2 S 5 6 0 4 2 I 3

fltefcftod ~

This method of construction &£ designs thac are bilanced 
for first order resitual effects for t treatments vlth 
t sequences und {t— 1) I periods is as follows*

Denote the treatments by rorra oairs of
the form <1* j} *ihere i and j are non-sero elements of the
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residue class modulus i «j> j and l+J 4> 3 mod Cfc>* From 
pairs of the type (x*j> and <j*I) form triplets (l*j,i) for 
j * i**i* 1+2* **** 5* )« «..* (t»l) when t/2
for t even or X< (tvl)/2* for t odd and j » ( W ) r(i+2)M **» 
(t~l) when iJ^t/2 for t even or i >  (t+1 }/2, t odd* Now for 
trlialets (I*j*i> for a fixed i* form a sequence i(i+l)I(i*:?U 
... 1 (t-i~l3 £ (t-1-4-1 ̂ ♦* * l(t<p»l)i when i<t/2, t even or 
X<T(t*i}/2* t odd? and the sequence Mi+Di ...i(t-l)i when

t even or i ' X w  }/2* t odd* Tills is to toe found for 
i * 1,2*.*** (t«2). Now cut off the initial 1 from the sequence 
1 (i+t}i... Kfe-l)i and insert in the sequence 12131***1 (t-au 
just after the number 1* This X® to toe done for 1 « 2*3*...*
<t —2 )* Then replace the initial 1 in the sequence by* the 
oair (1*1) a-d when t % € is even* replace the (t~3> numbers 
2*3,..., ftt-lM^t+D* .*.* (t-2) by the pairs (2*2) (3*3).... 
(t-2* t-2) respectively* hhen t «* 4* replace 3 by (3*3) and 
1 by (1*3). Denote the sequence so obtained by {?Cj}*
j * 1*2* *..* (t-1) (t-2)+I* New form a matrix A * (a > *

feh tilwhose element in the p row and q coiunn is give® byq»l
where 3^»0#l<p< t* l < q <  (t~l> (t-2} + 1

Then A will be of order t sc {{fc~lXt~23*rtj. if now the rows 
of A* are taken as periods and columns o£ A‘ are taken as 
sequences we aill get a balanced design which will be balanced 
for the first order residual effects* with t treatments* 
t sequences and (t-l) 1 periods.
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Ex&rrtplesa—

C D  t « 4 ,
JJenote treatments by 0*1*2 and 3* Passible r»airs of the

i£omU,j)# i 4 i# i+j 4 o , i*j* 4 q are (1*2)* <2*15, (3*3)
ard (3*2:) and possible triplets are (1*2*15 and (2*3*2) and
corresponding sequences are 121 and 232* Inserting this
sequences in the basic sequence 121 we get the sequence
12321. Replying 1 by (1*15 and 3 by <3*3) *?e will get the
sequence /sc.} * as 1123321* £7or* Coming the •matrix A » (a 5 1J PIq-1
where a * (p-l) »• y~ 'i x.
we get

O 1 2 n 3 2 0

1 2 3 1 a 3 I

2 3 O 2 2 o 2

On 
1 1 3 2 1 3

design is

Sequences
Periods X XI III XV

X 0 1 2 3
11 1 2 3 0

T21 * 3 O 1

XV o 1 3
V 3 0 1 2
VI 2 3 Q 1

vxt 0 1 2 3
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(2) t » 5. Treatments are denoted by 0,1,2,3 and 4* Possible
pair® satisfying the required conditions are (1,2), {1,3'/
(2,4), (2,1), (3,15, (3,45, (4,2) and (4,3), Triplets formed
from these pairs are (1,2,1), (1,3,1), (2,4,2̂  and (3,4,3),
Sequences baaed on these triplets are 1214l, 242 and 343,
Inserting the last two sequences in th» basic sequence ve get
the sequence 124213431. Replacing 1 by (1,1), 2 by (2,2),
3 by (3,3) and 4 by (4,4) ve get the seq'Jence 1124221334431.

q~lThen the matrix a* =* <a^5 * where a^» (p«l)+ y~̂  Xj Is

0 1 2 3 4
1 2 3 4 Q
2 3 4 0 1
4 0 1 2 3
3 4 o 1 2
O 1 2 3 4

3 4 0 1
3 4 o 1 2
1 2 3 4 O
4 O 1 2 3
3 4 0 1
2 3 4 n 1
0 1 2 3 4

In the above arrangement rows represent periods and columns 
represent treatisent sequences.
(3) t a 6* Treatments are 0,1,2,3,4 and S and possible pairs 
are (1,2), (1,3), (1,4), (2,1), (2,3), (?,S), (4,1', (4,3), 
C4,5>, (3,13, (3,2', (3,4), (3,5), (5,2', (5,3' and (5,4).
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Triplets are (1,2,1), (1,3,1V (1,4,1V (2,3,2), (2,5,3V 
(3,4,3V (3,5,3) end <4,5,4V Sequences venerated by these 
triplets are 1213141? 23252? 34353 and 454, Inserting the 
last three sequences in the sequence 1213141 g e t  t h e  

sequence 12325213435314541, &ow replacing the elenents 
1,2,4 and 5 respecttwly by cairs we get the sequence
as 112322552134435314541. Now define A ® (a V  whereaq

q-1(p»l)+ "̂ T Xj, ve can get A* es

0 1 2 3 4 5
I 2 3 4 S 0
2 3 4 5 0 1
4 5 0 1 2 3
1 2 3 4 5 0
3 4 5 a 1 2
S O 1 2 3 4
4 s o 1 2 3
3 4 5 Q 1 2
5 0 1 2 3 4
O 1 2 3 4 5
3 4 5 0 1 2

1 2 3 4 5 0
5 3 1 2 3 4
2 3 4 5 0 1
i 2 3 4 5 0
4 S 0 1 2 3
5 Q 1 2 3 4
3 4 5 O 1 2
-? 3 4 5 0 1
o I 2 3 4 5
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<4) t  a# 7* ‘treatments are denoted by 0,1*2»3#4,S and 6 ,

Then by a sim ilar procedure as in  the above cases we can get 

the required design as follows;-.

0 1 2 3 4 S 6
1 2 3 4 5 e O
2 3 4 5 6 o I
4 5 6 o 1 2 3
o 1 2 3 4 5 8
2 3 4 5 S 0 1
4 S 6 0 1 2 3
1 ** 3 4 s 8 o
S 0 1 2 3 4
0 t 3 4 5 8
8 O 1 2 3 4 S
S 8 G 1 2 3 4
0 1 ? 3 4 5 &
1 2 3 4 5 8 O
4 5 6 0 1 2 3
0 I „ 3 4 5 6
5 8 0 1 2 3 4
3 4 5 6 a 1 2
& © 1 2 3 4 5
S a 0 1 2 3 4
1 2 3 4 S 6 G
2 3 4 5 8 O 1
6 0 1 2 3 4 5
4 5 6 o 1 2 3
1 2 3 4 S 8 O
O 1 2 3 4 5 8
4 5 6 0 1 2 3
S 8 0 t n 3 4
3 4 5 8 Q 1 2
2 3 4 5 8 O t
© 1 2 3 4 5 6
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(5) t * S» denoting treatments by o#l#2#***#7 and obtaining 

tbe matrix A we can gat the required design as given below:

Q 1 2 3 4 S & 7
1 2 3 4 5 6 7 0
2 3 4 5 6 7 0 1
4 5 6 7 O 2 2 3
7 0 1 2 3 4 S 6
1 3 3 4 5 € 7 0
3 I 5 6 7 0 1 2
7 0 1 2 3 4 5 6
1 *+ 3 4 5 6 7 0
6 1 0 1 2 3 4 5
3 4 5 6 7 Q 2 2
5 6 7 O 1 2 3 4
4 S 6 7 0 1 «* 3
3 4 S 6 7 n 2 2
5 6 7 O 2 2 3 4
6 7 O 1 2 3 4 S
I ** 3 4 S 6 7 0
4 i 6 7 0 1 ** 3
O i *7 3 4 S 6 7
3 4 5 6 7 0 1 2
i 2 3 4 5 a 7 O
7 O 1 a 3 4 5 6
2 3 4 5 6 7 0 1
1 2 3 4 5 6 7 O
4 S 6 7 O 1 2 3
5 6 7 O 1 2. 3 4
1 2 3 4 s & 7 0
6 7 O 1 2 3 4 5
2 3 4 5 6 7 0 1
O 1 2 3 4 5 6 7
4 5 a 7 0 1 2 3
3 4 5 6 7 3 1 2
7 o 1 3 3 4 5 5
0 I 2 3 4 5 6 7
5 & 7 O 1 2 3 4
3 4 5 6 7 O 1 2
0 1 2 3 4 5 6 7
7 O 1 2 3 4 5 5
4 5 6 7 0 1 2 3
5 6 7 0 1 2 3 4
3 4 S 6 7 7 1 2
2 3 4 5 6 7 O 1
O 1 2 3 4 5 6 7
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|€> tr s* 8* Ths d e slgs  ofetsdsga l a  t h is  caee i s  as €©il©*?gt

S e q \ s e n o # s
I t l n i tv V in TIT VJTI IX

0 t a 3 4 s $ 7 8
1 2 3 4 5 © 7 8 0
a 3 4 S 6 7 8 0 1
4 5 6 7 0 0 1 a 3
7 8 0 1 2 3 4 s 6
0 1 2 3 4 5 © 7 8
2 3 4 S 6 7 8 o i
© 7 8 0 1 2 3 4 5
1 2 3 4 S © 7 Q 0
3 4 S © 7 3 0 t 2
8 0 a 4 3 4 3 S 7

4 5 © 7 3 0 1 2 3
7 a 0 1 *7

-6W 3 4 S
3 4 s © 7 3 0 I 2
0 I 2 3 4 S © 7 8
2 3 4 S 6 7 3 O i
i a 3 4 5 © 7 8 0
0 i 2 3 4 5 & 7 8
2 3 4 S © 7 8 n 1
3 4 S 8 7 B O i 2
e 1 8 0 1 2 3 4 5
0 I 2 3 4 S © 7 3
4 5 8 7 S 0 1 2 3
7 S 0 I 3 4 S ©
3 4 S 6 7 3 0 I 2
6 7 & e t 2 3 4 S
4 S & 7 S 0 i a 3
2 3 4 S 8 7 8 0 1
S 6 7 c O I 2 3 4

(coni^ ** « * 1
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s G q U
X XX XIX XV

4 5 6 7
7 © 0 1
a 0 X 2
3 4 s 6
O X 2 3
4 s 6 7
2 3 4 5
6 7 8 o
5 & 7 S
0 1 3
i 2 3 4
6 7 8 0
3 4 5 6
8 o 2 2
6 7 3 0
O 3 4 S
1 2 3 4
6 7 8 0
7 S rs 1
4 s 8 7
2 3 4 5
B 0 2 2

7 8 0 I
4 S 6 7
5 6 7 8
3 4 8 6
2 3 4 5
O 1 2 3

Here a Iso rows repress
treatment sequences.

V VX T O /XIX I X

8 0 1 "if 3
2 3 4 5 6
3 4 5 6 7
7 8 n 2 ?
4 6 €> 7 8
8 0 i 2 3
6 7 8 0 1
2 3 3 4 S
0 2 2 3 4
4 5 6 7 a
S 6 7 8 0
2 2 3 4 s
7 a 0 2 2
3 4 5 & 7
1 2 3 4 S
© 7 8 0 1

5 8 7 8 0
1 2 3 4 s
2 3 4 5 6
8 0 1 2 3
6 7 8 0 1
3 4 S 6 7
2 3 4 S a
3 0 t 2 3
3 1 2 4
7 8 0 I 2
6 7 8 0 3
4 S 6 7 8

neriods and column© represent
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m m i m m

h general slsg>l« method of analysis: fey using intuitive 
method can b® given as follows s-.

befc there be v treatment® applied in v per&&5m sod rv 
sequences in r squares of order v by using a balanced assign 
for first order residual effects, Here w© aemr*© that the 
direct and residual effects am amt tin* and the residual 
©fleets last. only uj»fc© the ne&b ter led,

if Is the yield of the im  treatment In the Jtls
ttsperiod In the b ooqpttssee* then the linear modal is

*1Jk- P *  V V 1* *  ij*
where ju Is the general effect* Is the effect of the
treatment, Is the residual effect of the jT*1 treatment*

Is the effect of the sequence and ar® distributed
as Independently mi normally with s*eani aero and variance er%
1 *= 1*2* **■*# V? J ** 1*2* **** V? & » 1*2* **** rv*
If T. Is the total of all observations for the treatment*v
then T.« rvu 4- rvfe-*- A V  r** v V a  where is the

1 r  1 3W**i * X  u
number of times a treetraeot followed by other treatments*

® 0 and V  ,«.■> o*Ic *
tt denote the sura of all observations for the treafcr?i©nfce 
lust succeeded by treatment* then

ic T^o vr rvti~ ̂  ri as Vh
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c5.*=■ r(v-l) u ^ r (v-1 ) r + x { \ t 4. / s,.,
1 r  ' 3 V T T  k

v»here /  x  t x4" the aumcjixon taken 0 ,/er «*I1 st '■'x'Tce 
k*(i) *

effects earoe vt fo r the fuences enSxtrj  ̂ xth the trch U& a t  1* 

?L*« r<v-3.) p 4. rlv-1» *3ter& fh_, s
1 ~  r *  - l v ' A  ' " “ i  o  ( l }

denot*-4* the se,n o f the e_f^o«s of eem^nces in  ohicn the 1 .1^  

treatnenf i*  Zfi 5, denote the su~i c f to ta ls  c o l'~ n s  

obich ends with tb- t£*ut neot 1, then

. »  mr u  ̂ v  / ,g ,, r  z  r . »  r v  (U * v  ? ,g , .  v~ r  r ,
1  r  ( I I  U )  J j S  J  r  7 h  ( 1 >  A

Mov vT.^+ S rv (v + l > p v < r - V f , »- [rv fv -1  l-CX*- r  f  r .

T u t  s in c e  th e  t r e a t n e n t  I  c a n  -»rcosod a n y o f  th e  o lh e t  'v -1

trcat»ncnfo xn the r  ( v - l ) sc-^xcrcer nc get

r f v -1  > = ACv-2* ie  r  ®A

Hsnee '7h* p t * ’' ^j/3 ^  P ** P - .V -2  i r  r f

hew i f  <3 is  the grand total o f r  tr“ oo£erv<~t arts then ti con 
O

be a s t i t - f  eJ as * Hcooe %m csn e - t a ^ t f  r .  *si¥ £
(v" - v - l x T^«= v r  p -  v r  (v 'z -v -1 ) t ^ - r  {v 2- v - l 3r *

vh, «  v<v-3nr u +• r v ( v - l ‘r , - v r  t . ~v )> s .

Et ’ * f  ' ” ^ B u r  r rt- 

/ .  ( v ^ - v - l )  *1̂ + t p *  v Cv~~2 } r  p f v { v >-v « 2  ‘r  t i

Hence can also he <*stiraate<5*
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(v2-v -a ir

Q
vherer r'i &  v"1,-*- 5^

2 Cov i- y(">^
Cl)

( v - 5) 2 ( v n ' 2 r 2

Since T is chr tooal of all o&eerva tiers for ihe tree eneni•3-
it in i sun of rv liiiensirJent oLcrrv lions. r  cps

Since R., %« the total ol observations in jerioSs jast 
siaceec.lei by the tte e tn e n t i * i t  is a sun o f  r  ( v « l 3

independent oe-ervetioris. *$ence

vf^) » rCv-D 6-\

Sincfr is tha sun o£ observations of r eg jcnceo er^iag l ith 
treatment 1 it Is 4 sun q£ rv in3epcr>3eni observe, tiens,
To te qet

V(«J * rv Q-2.

OovC^,^ } st *> because tn^rc is no observation co'̂ -x'n 
to then. Similarly

C o v H ^ )  a r g-1} iov(Pi#s«)* n*
l*€HC€

v{t̂  -*- vP^ - z ^ ) « irfv-j-i'*- v2r (v-I) -   ( z >

» « rv gi2;
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Cov(0^#Q j)«  <Sov(T^ vRi*- S£* Tj>- S j)

* {4 w  + 2 r )  <^s • {3)
Substituting (21 and (3) in Cl) and simplifying ve can get

v ( r f* r 4> =  ------ 1 2 — —  s-2-x 3 r(v̂ -v-a>
Ms have

{v 2- v - 1 ) t ^  v r .,^ s^-s v ( v :' ~ i ) r  p -4- v ( v ?' - v - r . i r

' ^ ’V  vV  Ei - f’2-11 u * t.*  »  -r r ,  tt-tt*iji , r r  . • ,n n ,,vr- -nmr-, .., . f  £

v r< v  - v -2 )  ( v  - v - 2 )

t*— tj w wherG L-*» < v -v~l)l»+vR. + 8,vr<v -v-2) x - x xu±

VK.-t.) - VtV  + V< V  - s « " < V V* J 7 ? . ? .9v2r2 (v2-v-2 ) 2

ttOW VCL̂ ) « V [cv̂ -V-H SA]

* [<v2~v-.i)2vr 4- v2 (v-l)r 4- vr +• 2 (v2-v-l )r] ̂  -

Similarly
V(T^)« |(v”-vwl) 2vr + v2 (v-t)r + vr 4* 2 {v2«v-*5nrj a-* - ~ ■

Cov(l #̂î )« 2̂v2r(v-.l)4. 2r Cv2—v-i )j «-'s -  -  -  -

Substituting (5)# <65 and {?} in (4) and simplifying we can
get y

V(t,- V  - XfiCsBdJL ^x J vr(v-u-?}

<45

(5)

-<6>

(?)
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Here the sum of squares due to res Idaal effects adjusted for 
direct effects Is

and sum of squares due to direct effects adjusted for residual 
effects Is

The error sum of squares con be obtained as

frror SS *» Total SB - SS between squares — SS between periods

Here the different sun of squares lilea a m  of squares 
between squares* sum of squares between periods* sum of squares 
due to period x square interaction* sum of squares between 
animals within squares and sun of squares due to direct effects 
(unadjusted) can be obtained as usual*

2rv {v «v*2)

v
ar

L"V (v2»v-l) (v^-v-2)

- SS due to period x square interaction 
~ SS between animals within square®
<*■ PS due to residual effects (adjusted) 
— SS due to direct effects (unadjusted)
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The analysis of variance tabic will •cake the following £om,

Source m

Seimien squares
Between period©
Period 2c square
Between animals within eouares
Residuals {adjusted)
Direct (unad justed)
Frror

<r-4>
Cv«l}
{r-lHv-1)
r(vwl>
<v~l) Residutila (unadjusted1or{vw-1’5 Direct (adjusted)

Total if-i

Illustrative tbcanplcs;
(1) The following are the data obtained Iron six Sindhi 

cows in an experiment conducted by Kriahoankutty (1969* at 
the District Mvesuock Pam? Msnnuthy* Toe experiment was 
co.'ductcd to otudy the effect of certain ccrcnercial 
compounded feeds on rallk production in cattle* The aninsols 
were divided into two sets of three each* each animal In a 
set being subjected random to one of the three feed® to
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stuart with-, The total duration of the experiment with each 
feed was 63 days divided into three equal parleys of 21 days, 
Thu experimental design adopted in this case wa© the 
"switch-over design” as given he lows-

Set I Oo*?s Set it
Periods 1 2 3 4 5 6

I 4 B C A B C
XI 0 C A e A B
nr c A B B C A

llere A » £-1 brand cattle £«ed? B ~ Hindlever Cattle feed and 
C » Bushti Cattle feed*

Hi Ik yields in kg of the individual cows for 3 x 3  weeks 
are given balo&s

Set I set II
Animal Bo, S53 SIS 747 827 767 940

A B C  A B CPeriod I 84 77 S3 85 104 loS

Period II B c A C A B
82 62 96 M  ICO 119

Period ill C A B  s C A
79 6 3 93 97 115 IDS

33SM8*ss*»s«swetwsw»epaH**̂a»!»«̂8a&rrMassaws»*sss*w»Ka~raj»»s»»«ss«s»as-*»



6?

Analysis?
Totals for squares s 723? 925
Totals for sequences s S, 255 199 269 274 319 332Ij
Grand Total s C * 2649.

Treatment
k& (i)

f**i ai S1 Ti"H,wi+si (v2.

1 533 389 531 2231
2 579 343 543 2163
3 536 372 574 2226

4363
4435 
4370

asais»3«=!S!i=3J:as3es3ssHSSEajws!«®2aS5a TO5asiw»«-TO3sss»a5CTsasBsr35Ssrar,s«Ka.*»srs>ssso«*25w»!x
CF 150333.55
Residual! SS (adjusted) » 93*8613
Direst sc (ad jus ted) a 73.2167
Direst SB (unadjusted) « 220*7833
SS due to aaifnala (within squares) » 1532.3tr> IS
SS between periods a 44*1166
square x periods ss * iSo.loSS
SS due to squares » 2266*3344
Total SS » 4444*4445
Error 55 n 131.4618
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A  8  O A

Source d £  S S MS F

B e tw e e n squares
Between periods
Period x Square
Between animals 
within squares
Direct Cadjusted!
Residual
(a d ju ste d ) 

e rro r

Total

2 266.8944 
44*1166 

150*1056

1532.2215

78.2167

98*8613

131.4618

2266.8944
22.0583
75.0528

383.0554

39.1084

49.4307

32.8655

63.97**
0.67
2.23

11.65*

1.19

1.50

17 4444.4445
«:»W S»»3SS*aSM3!f- ^̂Q̂ *̂3î3tr̂tss<ŝaasi5gsa-3sg£ĝrai-5!£s ̂ t̂sscggsssajesrsgtsr
V{r^« r̂ } « 24.6491 ? VCt^ t̂ > » 13.6940.

Inference Hie above analysis reveals that there Is no 
significant difference between direct effects of treatments 
as also for residual effects of treatments. But significant 
differencebetween squares and significant difference between 
animals within squares are found*
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(2). Ihe following are the data collected in four years from 
an e?jperJrwRt conducted «st cpcri. Kannara in four periods |to 
study the effects of inter and mixed cropping of banana in 
Arecanut garden*

Average weight of fruit#(leg)
Periods Replication I Replication It
75-76 A

7.33
8

6.28
C

3.76
0

20*03
C

13.13
D A 
8.01 22.83

B
14.47

76-77 D
13.14

A
16.56 B

13.36
0

22.04
B

17.40
C 0 

17*23 13.47
A

13»5i
77-78 »7.49

C
23.39 B9.24

A
13.33

D
B.Q2

A B 
10*44 8.05

C
12,06

78-79 C
s.Sa B12.79

A
10*34 ©

9.40
A9.20 B C 

11.34 17.61
0
9.S7

Analysiss
Total for squares s 0̂ » 171.83 ? 02»s 191,37
Total for sequencesr

sij“ 36.36? 48,32? 42.1? 44*85? 47*74? 47.02;46.96? 49.65
Grand Total : O  « 363

• •MM.---
Treatment NO CD ** Ri % v n ■*•3̂ (v2-v-l!V v!il+S.

1 93.53 72*80 89.84 474*57 1409.87
2 83.29 68.37 92.87 453*64 2336,54
3 97.72 76*74 83.32 498.00 2465*20
4 83.46 84.3S 97.97 433.83 1273*43

IB}SR3BS*»SS« WUtJSSSfW CI»â 2̂ SM̂ =SSŜ ’S!««̂ ĈTSS5SCTŜCT3̂SI»-aSS=2?rtSSBeKIISSf W9*aS3T==S.-2»S:CB
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SS due to sequence# (within square®) =* 20*3307 
S5 d u e  to squares *  12*1772 

SS between periods *» 117,3756
S B  b e tw e e n  p e r io d  ac s q u a re  i n t e r a c t i o n  *« 2 S ,6 o 2 8

Total SS « 269*3234
R e s id u a l  SS (a d j u s t e d )  ** 1 7 ,0 5 4 4

Direct SS (adjusted) * 23,9678
Direct SS (unadjusted) ® 14,4382
Brror SS » 53,5495

fi N O V >r»mM w »»■■■» w ■—•«»>■»<*» it w,1  —twenty
Source cW

wwe* Mi »n »L> aniwi
SB

■•'*#.<*1 *w,m «■»«■ — inf
MS F

ft* m — **.«» >»r«# HWIWg »* <m Tj*M»»W Wt*#̂ e*WiWŴ a,

X 12,1772 12,1772 2.49
3 117,3756 39.1257 8,0?
3 28,6028 9,5343 1*95
6 20,3307 3.3385 0,69
3 23,9673 7,9893 1,64
3 17,9544 5,9515 1*2?

12 58,5495 4,8791
i»w w »* m m <«i,. n>r— mm m* >w «»,«» ■■*m» wm ■»■
31 269,3284

Between squares
Between periods
f ŝrlad x square
Between plants 
within squares
Direct (adjusted)
Residual (adjusted)
nrror
W W»HW !»■
Total
£sss=CT53î iaŝ 33̂ ~'*"®r»=si=ssT:2!»e;Er>ssr*-Jsssas3S js-ŝ 'erss£35ca3S**ŝ tr?«SBstsrr̂ 5>t»«S35fc3af -acr

r^> *  1,9516 ? v(ti~ ^ j 5 50 1*3418

Inferencet~ Fran the above analysis of variance it is found 
that. the treatments are hopx>oenous with respect to direct 
effects and residual effect®. But there is significant 
difference between perrod effects.
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DISCUSSIOK

Williams (1949) gave a special method of construction 
of balanced change-over designs balanced for first order 
residual* by the method of nodule differences. In the 
present investigation similar designs have been constructed 
based on cyclic latin squares in the line of *mble <1977>* 
it was found that the construction based on cyclic latin 
squares also showed balance for first order residual 
effects, in this particular study, as was done by Williams, 
two cases were considered* using even and odd number of 
treatments-* &hile coppering the two methods viz*. Williams 
method and cyclic la tin square method* it was found that 0 

design was said to be balanced for first order residual 
effects i£

(i) each treatment is preeeeded by each other treatment 
equally frequently; and 

(li! each treatment shall occur equally frequently at each 
position in order of application to the sites*

Since every treatment should occur in all sites it followed 
that the number of sites shall be a multiple of the number 
or treatments* re should assume that there **ere n treatments 
and we represent them by residue class modulo n* If. now. use 
arrange the first row of a square in such a way that the (n-l'i
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adjacent difference® are (tt»X5* itself with <n-X*
rows obtained by adding 1 to the previous row would be a 
balanced design because in the rows every difference xfould 
occur equally frequently, thus showing that -every treatment 
would be preceeded by every other treatment*

Sow consider a cyclic latin square in %1,2,***, 2m~l. 
ie* when n « 2m* Then

h 1 2 * ** 2m*2 2f?*~X

1 2 3 *** 2®~X o

2 3 4 »** 0 X

• * * * * * * * * * * * * * * *

2m~l 0 I 2m—3 2fV»2

2m-l aa-y • #* ** 1 O
o 2ra~l * ** 3 2 X
X o *•** 4 3 2

2^2 2ss*»3 *♦* X 0 2m-:
Then the initial row of g * S V W * *  Cm~l *Wl is

o# 2m»i# l, 2m~2t 2, 2m~3# ***, ra*i# m-1, m 
The differences arising from neighbouring pairs are

♦ « *-# 2ri«*2| 1
and these are all the (2rv.ll difference in the module.
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Further from the construction oi C it follows that every re 5 

of D is obtained by addin** i to the previous row-* 5’c hnou 
that in the ro^s of - every ordered pair occur exactly once, 
fstence the method c£ nodule difference ic sane ac the 
co mtruction by cyclic la tin squares when n is even.

fret ns ncM feahe n, an odd inti^cr, say n -a 2mt-1 . "he 
residue ealoa nod (2n+l) consist o£ the elements -**1 ,2 ,..«,7m 
and the cyclic latin square in these elements Is

0 1 2 3 * 2n-i 2m
I 2 3 4 . 2m n

C o  3 3 4 5 • o 1

2m

Therefore the

0 1 2  

reflection R of c

2m« 2

is

?n~l

2m 2m—X » * * 3 2 1 0

7 2m A 3 2 1

R « 1 5 4 *hv» 2

?fn—t 2m—2 •*• 2 1 0 2m

The first rov of 3t= a0W i * *. C ,R i m—1 m»lc isIS
0, «im, 1# X, 2, 2m—2, .»«, m-l, nv£*x, m

The differences arising from the na -o'nfcourinq pairs crt 
2fR, 2, 4, ?n—4, *»*| 2, 2ri
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that is all even element® of the module occur lag exactly twice.

Consider ^  where

"Y* R*t Cm+1 \ + l  Cm+2 ##* p2ra-l C2m 
Its first ro» is

ra# «e*l# m~l* *..* X# 2m# o
The differences arising from the neighbouring pairs are 

1# 2nw»l# 3# ***# 1
that is all odd element© of the module occur!ng exactly twice.

*’e also know that each row of is obtained by adding 
1 to the previous row. Further v<* know that the columns of 
D| and E| give a balanced design for the residual effects 
rith each treatnent following each other twice, ftence the 
method of module differences re sane as the construcfcion by 
cyclic latin squares when n is odd also*

Hence the method of module differences given by bllliams 
and the method -ugqested in the present study through cyclic 
latin squares were leading to the same result lot both n is 
even and odd. But it could be seen that the cyclic latin 
square method explained in the present investigation was 
much more easier than the method of differences* Both these 
designs account for first order residuals and require n  

experimental units and n periods when n is even and it 
require 2n experimental units and n periods vhen c is odd*
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The second method explained In the present study was 
based on <n-l) orthogonal latin squares of order n* This 
method of construction could he easily made use of when n 
is a prime or prime power* Here each treatment followed each 
other treatment exactly <n~l) times* Hence in the present 
design the residual effects could be more efficiently 
estimated than the previous designs discussed* ^us when the 
residual effects were equally important as that of the direct 
effects this design could be more appropriate*

The third method attempted in the nresent investigation 
was in the line of Bair (1967K In his method Bair had 
visualised the estimation of the residual effects upto second 
order« The analysis suggested by hi® was also very much 
complicated* In our present investigation we were interested 
only in the adjustment of first order residuals* This was 
achieved by making a deviation of tlair*s method after forming

fcllthe matrix A whose (p*q̂  element was given by the 
expression

q«l
Cp«lH ^  *j* 5c0« o? 1<  p<t* i<q<{uiHt- 2 )+l

where [xj] was obtained in the sane manner as explained by 
Bair for the construction of desugns balanced for pairs 01 

residual effects* %  using this devise a generalised design 
requiring t experimental units and {c*lMt«2 54 periods in 
the case of t treatments was con&truoted* This design would
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be 'balanced for fcne first order residuals* This construction 
metmd to be quite simple and could be easily uni^rstood.
This type of design coaid be easily adopted client the total 
duration of the e^erinent could be divided info large number 
of we-riod® of shorter length*

The method of analysis -attempted in this present 
Inveetigation %?ae of very general nature which vaa onrelVj an 
intuitive method* But in the urual analysis suggested by 
different authors were based eat the method of fitting constants 
which was very cumbersome to put into practice* in the nresent 
method of analysis one could easily calculate sum of sguare® 
due to direct effects adjusted for residual effects and sum 
of squares due to residual effects Adjusted for direct 
effects &/ using the relationship

SS due to direct effects 1 fes due to direct effects (unadjusted) (adjusted)

SS due to residual effects (adjusted) ss due to residual , ffects (unadjusted)
Fran all the above three sjpthods ©£ investigation in the 

present study it could be easily seen that each on© was superior 
to the corresponding existing designs in the light of the 
present objectives* The analysis explained in this Investiga­
tion was also simple and easy to adopt in comparison to the 
existing analysis.
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A general method of construction of desi^is that are 
balanced for first carder residual effects based on cyclic 
latin squares in the line of Amble (1937) has been derived* 
Sxamoles of layout of this design hove been worked out in 
different cases When the number of treatments are 5*8*7 
and 8*

A second method of construction of deal jns that are 
balanced for first order reeiduul effects* when the number 
of treatments is a prime number or power of a prime nusber* 
has been explained by the rule “in a set of (s-ll orthogonal 
latin squares of order s x s* each treatment follows each 
other treatment exactly <«-!' txmes* • examples of la/out 
ofc this type of designs have also been worked out for values 
of « * 3*4*3 and 7 (where a being the number of treatments)*

A third ngihod of construction of designs balanced for 
first order residual effects with more number of periods have 
been established based on the procedure given by Bxir (1587)* 
layout of such designs have been worked out for the number of 
treatments t ** 4*5#S*7*S and 9* This designs constructed bv 
this oetliod are found to be balanced for first order resiPual 
effects*

All the above methods hrve been compared with the
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corresponding existing saethods given by different a tthors* 
The method of module differences by Williams (1949) has 
been found to b e similar to fche method of cyclic latin 
squares constructed in this investigation*

& general intuitive and easy method of analysis has 
been devised, By this method of analysis residual and 
direct effects of treatments can also toe easily estimated* 
illustrative examples* one each from agriculture and animal 
©licence sector* have also been worked out*
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V cTRACT

The u s u a l n ro L le m  i n  lo n g  z&rm e y r e r in e n t c  i s  t h e t  3 is 

to re s -> J v a l  e f f e c t s  c£ t r e a t m e n t s ,  The e f f e c t  o f  a t r e c f r v n t  

t h a t  p e r s i s t s  f o r  a r e rx o d  a f t e r  the a p o l i c a i i o n  o f  t v  

tre a tm e n t  i s  r e f e r r e d  t o  a t  r e s i d u a l  e f f e c t  o f  t h ^ t  t r e a t m e n t ,  

Zn the p r e s e n t  sum,5/  an a t t e r  >t is t o  c o n ' t r r c i  V s  nn©

w h ic h  v? * ll b a la n c e  f o r  r t r s c  s r d e r  r e s id u a l  » £ f ^ c t s  t o  st t  

th e  above m e n tio n e d  s i a i m v i o n r ,  hy d e f i n i t i o n  a c ^ s j  m  s 

s a id  t o  I  c o a la n e e d  i£  e v e r y  tre a tm e n t  f e l lo w s  e v e r/  o t h e r  

tre a tm e n t  e g j - ^ i l /  f r e q u e n t l y ,

e Have r ^ t c  d a s h e d  th re e  d i f f e r e n t  r^ ttn o ^ s  o f  c  n e t r u c ­

t i o n  o f  su ch  ty n e  o£ dee-13ns* V e  f i r s t  method o f  c o n s t r u c t io n  

j s  b /  u ^ in q  c y c l i c  l a t i n  s q u a re s  a.© i n  th e  l i r e  o f  Am ble (197 ”M 

a nd  we have shc*m t h i  t  s^ch  an a rra n g e m e n t i s  c a la n c e d  i r  r  

r i r s t  o r d e r  r e s i d u a l  e f f e c t s *

'“’he second '-<efchod o f  c o re  t r a c t i o n  i -  b re e d  on th e  r e t  o '  

fv— 1 ) o rth o c o m a l l a r l r  s q u a re s  o f  o r d e r  v  i n  the  ca se  o f  v  

tr*2 absents.

t h a r c  '••sc th o d  o f  co n s t r a c t i o n  o f  de s * jn s  b a la n c e d  , o r  

£ l r ~ t  o r d e r  res->d j «*I e f f e c t s  i g  a ls o  o i v c n .  rh*n •> .n

th e  p ro ce d u re  j i v c n  b y  N u i r  ( 1- 6 7 } *?or th e  c o n s t r u c t i o n  o f  

d e s ig n s  b a la n c e d  f o r  p a r r s  o f  r e s id u a l  e f f e c t © .

A general mtuioj as ^ \ .n c a of onulyeris -„s cl~o givui.


