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INTRODUCTION



INTRODUCTION

Designs are usually charesterised by the nature of
grouping of sexperimental msterial and ths procedure of
rendon slloeation of drestnents 40 the experimental mniss.
A desirsble mroparty of a design is that it helps %o
estinste all contrasts of trestnent effects and o design
is said to De balanced if essh of ths elementary contrast
osn be estimated with the seme veriance,

The relatively simple sud evmmonly used designs are
oompletely renionised design, rendomised bloeck design,
lakin square design, split plot design ete.

In ecompletely rendomisesd design (Nigem snd Qupta,
1979)y whols of the axperimanial msterial, supposed to'bol
homogeneous is divided inte & mmber of experinsntal wmiss
depeniing on the mmber of trestuenis snd the number of
replications for each treatnent. The tresstuents are then
rendonly alloted 40 the units in dhe entire material.

The varience of the difference betwveen 1'% gna ;%2
Wmuamwra(;-: i;;—)mnr*ura
ere the mmber of replicaticus for the 1'% mnq §B
treatnents. xt’iwﬁm“mm
ocmtrsst is given by 55— and hanoe oomplstely randomised
design is balsnced if esch of the treatments has been
replicated the ssme number of Yimes.



In axder t0 oontyol variability in one directisn
in the experimental material i% is desiradle %o divide
the experimental units into homogensous group of units
nowna as blocks. The trestummts are rendomly allocated
separstely %0 esah of these blooks, Thls jwocedurs gives
rise W a Genlgn known as Rendomised Blook Design, which
oan be defined as an arrengenent of v trestnmngs in ¥
mmmmummtummwmu
mm&mum‘tm).

mmmmmmo:mutrmbum
L“ua“ummuﬁmwg-‘i 1.0.s every
slementary contrest csn be estimated with the ssme veriance
aod hence Rsndomised Block Design is always bdalanged,

To oontzol %wo wey hetewegenity in the experimetel
neterial ve use a dosign Xmown as Iatin square designs,
znmaodm,twmtutummumwm
blecks in $wo direstiions, Yewwise and colusnvise, Trest~
mmdhatﬁum:wtm«mmm
mmhﬂmﬂﬂu&m(mmm
1957). vmumwmmnu&-—u
hamoe latin squars design 18 alvays belanced. )

By using latin square designs tresinent effecss can
be estimated by elinminsting more seurees of wariation,

A gresco Latin Squaxe is a Letin Square Design in which a
thixd orthogonal effect has been acoounted for by a



olasxifisation represmisd Yy greek lettars. As in the
cape of Latin squave design, Oresoo Latin Square is alseo
balenced,

The ooncept of Greeso Lalin Square osn de extended
to odtain hyper-gresco latin square. ZThess sre obtalned by
suparinposing three or more orthogangl latin squeres, These
designs too are balsnoced. ,

Whan differentd fectors infiuence a sharactier under
stuly, it is desirable to test different combinations of
ths fastors at various levels, Such sxparimsnts are
called feotorial experiments, In sn wieonfoumded faotowial
experinent every main effeet/intersstion csn be estimsted
with the same variemce snd hanoe factoriel experimenst is
balanoced if there is no cmfoumding of effects,

In a fagtorial experinent vhan the number of feotors
sni/or levels of fastors increases, the number of treataent
mwmwmmxyuuummm
%0 scoommodate all these trestnent oconbinstions in &
single homogenscus dloek, A methed of overcoming this
diffioulty is to alopt the winoiple of oconfounding, If
the same set of interections get oonfounded in all replie
cstions, it is called $otal eomfounding whereas if 4ifferent
sets of interactions ged confounded in different replicstions
1% is ealled partisl eonfounding. In the case of partial
oonfounding, psrticular set of iatersctions oonfounded in a
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replication een be estimated fyom the informetion obiained
on these effects fwyom the yemsining replioations in which
Ahese effects are nod eonfounded. A faotorial experiment
1s oslled & balanced facterisl axperiment if ihe relstive
loss of information in esch ef the single degres of freedom
belenging %0 sy pertially confounied effech is seme (Nigsm
d Gupre, 1979). |

In f1eld cxperinents, sometimes soms facters require
large experissntal mits while some others regquire only
plots of smeller sise. In such situsiions splis plod
denigns ave used. A split piot deaign using en Remdomised
Blook Design for the first sed of tresteents (oslled main
plot trestamits) is obtained by alloting the main plot Arest
nents o rendon 40 the whole plets of & block wnd then
rscdonising 4he second set of trestammis (oalled sud plot
Arestments) within each whole ples. This ensbles $0 ocompers
the effechs of the sud plot drestnats and test presmce of
interacticns of the vhole pled trestments with sub plod
trestumnis meve efficiently them testing the differencs in
the main effect of the main plod Syestmemts. This is
Deosuse 0f She fach that main effect of the whole plot
trestmenis ged confounded vith block effects (Das smd Giri,
1979). In this design every main plod treatnent is estimsted
vith the sems verisnce. Purther svery sub plot Arestment
differece i estinmated vith oqual variance, That is 10 say



Shere is balance over the estinmates of the different
categories of clementaxy contresis.

Strip plot design is a design snalogous 40 the splis
plot srrengesent, in which $wo different sete 0of trestments
oan be Wried in large plove with one set of plots super~

inposed over the other set ab »right angles. A block may be
divided into strips in one divestion 40 be allotted to

one set of treatnants and into sother set of stripe, in &
direction st right angles %0 the first, to0 be allotted %o
Abs seoond set of trestments. The plots formed by the
intersction of the strips nay be further split or the entire
primery strips belonging 40 one set may themoelves be
divided into fwriher narrover sivips for scoommodsting a
yet further set of trestments (Pemse and Sukhstme, 1954).
We observe that slementary oomirasts of treatments in each
strip are estinated with equal varisnce though thare may
be difference in the variances of the estinates of
elenentary oontrests of $he two ostegoriss of treatnents,
When number of trestnmis ere large all treatments
cannot de accoumodated in & bloock. Designs in which
blocks 40 not acocmmodate all treatnents are to bdbe
preforred in such a context. A design in which there i
&t least ome blook whioh does not accoumodate all the
Areataenss is celled sn incomplete block design. An
inoomplete blook design whioh gives equal informsation on
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all elementery contrasts om be oalled a balanced
incouplete block design.

A balanced inecmplste dlock design (Yates, 19%6)
is mn arremgenent 0f v Srestmenis in b bdloocks esch
of sise X< v such that every trestnmnt is replicated
T dimes in r distinet blocks md every peir of treat~
ments ooour together ™ hlocks, |

BIB designs have the property that every elementery
oontrast is estimated with seme precision. These designs
require ot loast a8 large s number of blooks as the
mmber of treatments. Further the nmumder of replicstions
osonot be less than the size of the bloek. Boss snd Naly
(1939) intreduced partially balsnced incomplete blook
(PBIB) Gemigns vhsre the [wopsriy thet every eclementery
contrast is estimated with equal precision is relaxed
(Rigan snd Guphe, 1979).

In snimal experiments ss also in peremnisl crop
experinents largest variation is dus to subjects themselves,
One way t0 get over this veristion ie t0 test the
different trestamt on every snimal, To do this we switoh
the enimal ¢0 different treatments fyom time %0 time,
The exparimend is thus called switch over, echenge ovar or
oross over trial, As the charester messured changes from
period t0 period and from enimal t0 snimal, in switoh over
trials, overy treatment should be tested on every snimal



sod in every period equally frequently.

A problenm in svitoh over expariment is that exeeph
for the first period the yisM 1s not the direct effect of
the trestaemt applied in thet period dut aleo dus to the
residuval or saryy ovexr effect of a trestasnt applied during
the previous period, If the design used is such that every
treatnent is precesied by every other treatment exactly
the same number of times it 18 sald to be balanced with
respect to the residusl effechs.

The designs discvuased sbove share some commom
properties. Ixoept for the completely randomised design
they sre all equi-replicates; have equal block sizes snd
are binary (A design in wvhieh s freatment ocours in & bloek
at most once is sald t0 be binary, It is sald 0 be proper
1f all its blooks are of the ssms sige), Further similar
slsnentary oosparisons of trestments have equal varisnces.
That is t0o say such differences axe balanced. I§ appears
Shat this idee of balsnce 18 wovem into the fabric of
degign of experiments, However, the experimental situations
ththW'Wunwmm;
nor esn it always permit equal repliecation. I4 may not
also be possible 10 replioate eseh treastment equally
frequently in cach block, Above all these the binary nature
of ths design nay have $0 be ssarificed. Fxamples of sueh



situations are meny, In experiments on snimels the litter
sises (blooks) are invariadbly 4different end we may make use
of all animals in & litéer; or as is pointed out by
Pearce (1964) while comparing & new scarce of variety with
on 0l4d one ogual repliostion of trestuents nay oerve as sn
inpedment. And in spite of these handicaps the experimmnter
would like to have equal infermsiion on all elementery
treatnent ocaperiscns as if he wvers t0 use an oxdinary
design like rendomised bdlock. These situstions, as pointed
out above axre not rare in prasstice. Designs suitable for
experinents under such situations sre therefore $0 be made
svallabls. This calls for the oomstruotion of n-ary
belanced designs with equal or umequal repliocatioms in
blocks of equal or unsqual sises.
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REVIEW OF LITERATURE

Balmmoced n-exy designs were introduced by Tocher
(1952) as & generalisation of balsnoed incomplete blook
design. Hie designs are proper with constant block sise
end generally equireplicate, Teoher defined (proper) n-ary
design as en srrangement of v 4restments in b blooks
each of size k suoh that eseh freatment ocours r times
in the whole design dénunu(aﬂ) is & oconstant, where
ajammmummt‘”mmtm
in the 3% block snd omn veke values from O to (n=1),
Soms balmoed termary designs (having frequencies 0,1,2)
in whioh the trestuents vere not replicsted the seme
nuoaber 0f times were aleo suggested by him. As an illustire~
timmmhdmmuwulw.

Ternary Msn- wvith w6, deb, xn;m-e.

211000
02010 1
002101
100210
© 11020
100012

In oxder %0 understend She full significance of
the balanced designs in gemersl a faw preliminary results
are required. They are derived delowv.
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Consider ¥ Atrestuents srrmnged in b blocks,
Ammﬁ,ummofmmz‘“w
coours in the 3% block (11, 2, veep¥)e Lot 4he sise of
ma“‘mun, (3= 1) 2 seesh)s Then Es(ng,) is
called thw incidenes natrix of 4he design, For the sske
otmntymmmmuiht“wu'
amm:,‘um.

The linesr model usually Sektan for the snalysis of
this design is
Ylﬂ - /n * '16 xaom.‘s‘

L8 % coes® § % 1o oeey Dp Koty sueenygo

vbere Y, o 1s the yield of the 1'% trestment from the x'®
plot of the ' Block, ;1 is genewal mesn, 4, 1s effect
of 1*" srestaent, =, 1 effess of 3 nlook and 3, ., are
indepmdent norual verisdles with expeotation sero amd
varienoe =2,

The normal equations for estimating the trestment
effects are odtained by the meibod of least squares. This
Sheory has been developed by Gemes Maxkoff which states
thas, "the mbissed lincer sstimsie of ninimum verimnce
of sny parsmeter is that given ¥y ths nethod of least
squares” .
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The normal equations are
@n ¥, = aﬁ ‘%nhgpé_n“%
@) v, e om B oem el

A

(2.3) Yd- - a‘”z ,O%n“&‘vnd 3

From (2,3%)

A

°<j .-l‘-t-); - 2513‘*

Mmmm(z.a)mmm
A A
Y&sn ‘2%‘;"‘“&0‘1“ Z?:Z%tl
3 ¢ 3 %1

If she L.H.S. i defined s Q‘t

v o
(24) ¢ = 62 ?12 ‘1-2 3{-&3‘1'
Y e el T
144
Evidently %, Q =0 and (2.4) omn be written as,

(2.5) Y = ﬁ g"é ’i\‘v %‘v
1A

I% is esay 40 shov that the sum of elemmnts of
meirix on sny row Of the R.H.S. of (2.5) is sero. The
ssme vill be txus of the colmms of $he matrix., Since
the sunm of L,H.5. and R,H.8, are identiocally sero, the
equations sre not independent., Henoe t0 obiain sn wnique
solution ve may impose & ocnditien %tx = 0.
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In metxiz notation equation (2.5) can be written as,
(246) Q = Ch, (Kempthewne, 19582), vhere

2
Cyy = ‘1.’% ;“‘:‘

' = (‘10000.")

Q* = ‘Q‘QDO'UQ')
The metriz on the R.H.S. of (246) is called Comatrix or
coefficient matrix of dhe design, Ifuém“nh;m
mﬂummumtﬁw.wrxgnd;
the sise of the §** block, Wy Ky snd define B,
R‘O“l‘(r,; »ﬁt.!')‘kﬁﬂlc(k.‘. 'o¢§xb)ﬂl-l.

(27) ¢ = pemx” 'y
Sinoe .
Q) = (my - ﬁ%—)a-’
(2.8)
Oov (QeQys) = = éfﬁ?"—?’z J

Ahs dispersion metriz of Q 1s o-20 wbere o—2 1s the

intre dlock erver,

(2.9) Thet is, V(Q) = Co2
Obviocusly C is symmetric and sum of elements of

wmwmum. Henoe the rank of C 19 never
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greater then (v+1). If the vank of C is (ve1) 4be
design is ssid %0 de oonnected,

Connecteiness was originally defined by R.C. Bose.

A tveatamt and a block are sald 40 be sssociated
L2 Ahe trestmeut cocurs in the block, Two trestusuts sre
said 0 be comnected if it is possidle $0 pass from ome
ummwnmnmmmm ,
trestnents snd blosks. A design is sald 0 e comnected
Lf every pelr of trestmnts in i are comected. It is
not 4iffieuls 40 shov that & nevceseary and suffisient
oondition for a design 0 De cannected in Boses' sense
18 Ahat the veok of O metrix s (1),

We shall now show that only eontrasts of ‘restaent
effects are estimeble, By & omirast of 4restment effects
ve o & linsar function of these effects such that the
sum of coefficients is sexo. Fyom #he theoxy of lineer
estimation of 1'% L8 estimadble, thewe exists a  gueh
thet Cf = L therely shoving Shet zesk O = rank (C,L).

1.8. L depends en colums of O

1+0s L'is & lMnesr fumstion of colums of C.
Therefors, the sum of clemsmts of L is 5ero, thus showing
that L't is & otrast, Thus every eetimedle linear
function of ¢ 18 & omtrast,



It is eany to deduse the following vesults.
Result 2.1, The number of independent estimsble trestment
omtrasts is (v4), vhere ve4 is the rank of C,

The mmber of linserly independent solutions of L
o be st most (v=4), the renk of C.

1f t=1, (ve1) linearly independent contrasts are
estimadle,

Result 2,2. If the renk of C is (ve1) all the (wv=1)
linearly indepenient clensntery contrasts are estimable,

Given v {irestmmis theve are Jv(v-1) distinct
elenentary contrasts of the type “1',"3)" Anong these,
only (v=1) are linearly indepssdemt. B

We shall now dexrive ths expression for variance of
sn estimable linesr function.

Les 1'% be the estimste of an estimsble linear
function of L't From Cf = Q 1% follows that thers
existe a  such that 0f = 1, '

e V'R = BT
= B(P c'ifof)
- P (@) £, (*.° Gt =Q)
- f cfc?
- ‘9'16‘2

- 5L'P52



A useful inequality dewived by Sylwain Enrenfeld (1955) is
as follows.
Theoren 2,1, If L's is en estimeble oomtrest, then

1'8-2 L v1'8) - 3'Ls% vhere > max end A min
) < Lo

N .

are the meximm and minimcm values of the charecteristic
roots of O,

Ppoot, womuummm‘uoup. S8ince C i
e real gymmetric matrix there exists sn orthogomel) matrix
ﬂmmvﬁﬁﬁ‘ﬁ“(%‘jnoo 97".0.Q-p0)
e PrefP o P£8'038'FPy Lorss = 8'8e1

- "SMC"QtosQ“"OGncﬁ)s'f
I:nmfi - (“.‘ggc.o 'V

- 2%y
Pcf = %12 (:‘. w, J7y)

Bowi'Ls e (0f ) (cf)
) ¢ oof

- f'ss'cus'qss'f
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= P s(s'08) (8'cs) 8*f
-f’l(uﬂ(""t ge * ¢ » ,200"0)
(M(%‘. :QQOQ'PQO\’O'.O)B.P

» (‘ﬂ” ‘RQ uu,%) diag ( ?‘:Qomp 7*:, L+ S QO) 1;‘1\
. é"‘sz“xz “a
- ALY 2 ‘ N
éi 11 . %y
oo Poof X
T

mnm‘s.umw«mwumm
»o0ts of C, nmnmuncm

 Bax, - iﬂ’i’.“
1 i AR T
%o A BAX. < »tgg— . .?-\h.
Thue m Ahat V(3'3) = " of? we g%,

(2410) 10 Yok £ Y(I"ﬂ F< 5.‘%

A X

Cevollawy 2.1. I£1'% = 61"‘3) is estinadle
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Corollery 2.2, Bwvery sstinadle clsmentary oonitrast will
mmﬂmumwmmom
of C matrix sre equal snd the coumon varisnoe is given by
a_g'f vhare 7 is the oommon value of dhe non-sere
Mcmﬂ. |

We shall nov foous our sttention on the balance of
a.mp

A denipgn is sald 40 be dalenced if the dest linear
wmbissed estinate of every slemmbarxy contrast has the
seme varismoe.

We now prove
Theerenm 2.2, If7ye 4 = 15 25 ¢ ¢ o o (v1) ave the xoots
of the C matrix of & comnected deesign, the average

: 2 w1
varisnce of sn elenentary oonirest is 24 = L
. w i=1 7\1

Froof. Binoe C is symmetvie meArix of order v eof the
design, |

'WV%I(V)‘ - 7‘(7\‘7\‘) (> » 7\3) I G %,’)
Sincs the sun of elenents 0f ench yow of C Lis zexo the

normalised charsoteristic vestor corresponding o the
sero root of C ie -1(:— Blv,1) where B(p.q)

stands for a p x q matrix vhese elaamts are all umisy.
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~ Then for eny & # 0.

KLY [0vaXvy)]| KvaD) = v
Vv Vv |

Henoe Ceali(v,v) is nonsingular. I4s roots are av,
7‘1. 7\2. "0 Q7“~1 vhioh have chavsocteristic vectors

‘ssme sa those of C, Let 42w chawssterisiio vestors
mmw“”“”a«p.",., b“"cl‘gavt'tn’q
, ' -1 : ‘ t

Than [enﬁ(v.v):’ . j I(v.v)»% 5}: Lyly

8o that E(v,v) [e’.E(VQV)]“‘ . “ﬁ.ﬂ

A

Also ¢ = [oon(vgv):["ﬂ |

Fer, 08 = © [coal(v.‘vﬂ*‘ Q
- E:nﬁ(v.v}-wﬂﬁﬂ] Ecnntv.vﬂ =1 q
-« [1(v=12vw] q

= Q becsuse Kvyv) Q » 0
e 4 0= @oa(v,iivi]"ﬁhhmnua»m
of t¢ '
WS = [CesBlvyw ]| 7V V@) [ceastvyw)] -
» [CoaB(v,)] 1 a{Ceastv,v) | "2-'2

- [cmn(v.v)] 1. E(v,v)}}
I -
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«*+ The varisnce of 1'§, a Dest unbissed ectimate of &
contrest i

v(L'%) - k' [Ecnn(wr)]“- #— B(v.vﬂ L 2

- TA'EG’.I(V“V)_]“ TR

Denoting the u“ slement d’“l}nﬁv,v)] -1 by Yy g0 the
above relstion gives

Vﬁfﬁa) - (uun“ﬂ‘)r’
o'+ Averags varimce of sn elemmtery owmirast is
: .
Teh— % é (B ngyyy)
2 ' £ v .
- e LW S
- 2 (v ovaee U~ %‘m E(i'gv) UE(V;")]

vhere U = |(CeaE(v,v) "}
ﬂ
2
20 = 8% = oy

after sinplificstion. Reo (1958) and Kempthoxne (1936)
~ have proved these resulis though Wy different methods.,



Thus the sverege verisnes of an elementaxry contrast
in a ocnnected design is proportional to the inverse of
the Hommic nean 0f the non~sexo characteristic roots of
the Cenmatrix,

Kempthorne (1956) has shown that the efficienay
factor of a deaign is » $imes Ahe harmonic mesn of the
mmammmmmmm
including the root which is alvays sero. Let us nov
define the most efficient design as one which minimises
the sverage varisnce of sn slemmtary oontrass, We confine
ourselves $0 such designs for vhich the sum of roots of
C is a oonstant. To oMain 4hs most efficient design ve
mmwmég—mmummumw
27‘ = a constent (may D). M\nhantemtnhnn
unoond! tionally
‘Z J__*f(% -D)w.mt.fnﬂﬁ
T :
wiure 1 1o an Lagranglsn mldiplier. This leads o the
result that 7, is a oomstent. Thewefore those designs
vhich have got all the (ve1) nem~sero roote of C oconstant
mmoﬂtmmébr& 19 a constmnt,
Bvidently bdalanced inscuplete design is most efficient
smong the binary designs. This result is due %o
Kshiraager (1958),



Another result which will be of immense help in the
discussion of balanced design is theorem 2,3 due to Boy
and Leha (1957). o
Theorem 2.3. A necessary m suffiocient eondition for a
symmetric matrix of oxder v 0 have (v~1) roots equal
is that its diagonal elements are equal and the cheracte-

Tistic veotor corresponding %o the root of multiplicity 1

EKv,1)
uﬁ

Proof. Let the matrix A be of she form
(2.12) A = (e=D)I(W)*bE(v,v)

Then ‘
la- 71| = | a2 b v v .
b e X s & o
. e ¢ v e @ = 0
. . L L4 b4 d
b b v . .a-%\

gives roots as a+(v=1)b, and (a~d) with multiplicities
1 end (v=1) respectively. Evidently the charscteristie

vector corresponding to a+*{v-1)b is r—J;- E(vy 1)
: v

conversely let there be a symmetric matrix of order v
such that it hes (v~1) roots eash equal to A, end one
root equal to %1. the latter having characteristic

veotor (-%:- E(v, 1)
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-4 2. v,% E("j”; '2’ e o .'3'
(31.22,.-.52') .!l.mWMQ

v ’
S0 that %2535 s I(v),
from vhere

v
@13 253 o v - v,
Ths symmetric matrix i.ueit is equal to
™24y ¢ %y gzﬁx'
2

= 7Hl{v) ¢ 33;,?33 Kwgv)

ad Ahis has disgonsl elements g J22
snd off diagonal elements ’1_;_"_:3,

The ebove result will be used %0 prove the theorem
given below, '

I8 is esay t0 infer thad for a proper equireplicate
binsry design 40 be balsnoed is that NN' hes all disgomal
elements equal end all offdisgona) elements equal.
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Theorem 2.4. A necsssswy snd gufficient oendition
for every cleasntery etnirast 40 heve the sans varisnce
is Shat the dexign is oenneoted and that al) the nonsero
roots of O are equal,
Pyoef, mmmc“ugnm. That is evexy
mwmmu?mammehwu
2 vt R

should be

5% L
vhich leads $0 the resuls covarisnce between %vo elementery
oontrasts having a conmen slenent is
(2.13) -2 ’g‘ n

a1t
Let ¥, Ve the characteristiis vestor eorresponding %o s

non=sewo root 2, of C. Them E(1,v) ¥ =0 and {1'3 isa
contrast.

(2.44) V(%) =Y, [(ovaBtwyw) | *Vy B

*(t‘ delongs t0 the vesher spase of the wectors of
oontrasts. The (w1) Mth-
belong to this veolor spase.
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oo vg&‘ is expressidls in terms of (v=1) independant
slemeniary omirestis.
Take,

7't m ayligmhy) e e s G-
R A i A
= abralyt e o asl 2 e Y
PR -1.2 a2 (%a,)‘ -1

A et A A
(2.15) Bow V ( %,*% ) = % o’y (3 )

vl
. Q?g‘; Cov (tf"v. ‘J“').ﬁ‘Q

nﬂ

=R

3

Combining (2.14) and (2-:5).
1

2 o 2 T ( ‘ 1958)
(2.16) "'.';\"‘; w e 5\-;-' W'

for all 1 for which N ¥ 0.
m'mxifoumm
or C has sll the (v-1) am-sere charscteristic roots equal,
Oonversely if 7\‘,%2.....’\,_,-'%(”) then we have

2,
from the relation (2,10) thas ‘i{z- ‘4"'“1‘53) < B.g_'.z.



."."vu‘q,)umnumuumuigf md henoe
Ahe denign is balanced and in this cess by theorem
(2+3) C assumes the form (2.12),
The sbove thecren vas jweved by Reo (1958) in a differemd
nanner, mmmntmmtm‘fam
balanced design is propar, then it must be equireplicate.

ASiquallgh (1961) has derived & necessary and
sufficient condition for a oonnected design $0 be balanoed
as & natural extension of a result hy Tosher (1952) emd of
Thompson (1956). It appeswrs %0 be simpler than the
mnnntiu given %y Reo (1958)., He has aleo derived
e expression for caloulating the effiecienay fabtor of &
connected design. The Pishers inequality that b>v for
balanced incomplete hlook design with v trestaentis and b
blocks is also shown t0 be txwe for & wvider clsss of bnary
designs, similar t0 the belanced ineomplete block designs
vith blocks of different sises.

The following theoren was proved,
Theoren 2,5. A necessary snd suffiecient oondition for a
comnected design %0 be balenced 1s Ahet every $,(3s1y.eue¥)
1s estimsted with the seme varimnce emd every pair %, 3.
vith the ssme covarisnoe,

Bafore proving the theorem we have t0 estabdblish
Ahe resuls %’m(t,)-»:;(ws) wbich is used for ihe

neosssayy pexrt.
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Proof, We have C% = Q. Let (ON) be the orthogonal
nairix vhoge colums sxe the ¢harascteristic veotors of
C with C = & colum vestor with cesh slement -

e
5! ny

(2:7) 1.0, 010‘\ ) l'Q
wlos)  |v'q

But "Q’G « dQiag ( 7\‘9 7\2' sang 7",,_.‘) U‘i - "Q

Denoting 4188 ( ™y "ps veen’\q) W Dy ve gob
YR A
o mha. whl
Leos (I = éncvm) « m~lg
1.0, % ® lb"l‘ﬁ
and
(2.18) v}) = m"'slom -2
« mixl-2
In o connected design sversge varisnce of sn elementary
semirast 1o T %. ($,40) = 3{3 where
H 49 the harmonic mesn of the non~sero roots of O,
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Pyom (2.18)

‘iv(ta) = o? 4 w" it
2.1 srulye
= é_m* Ml‘l IM
2
(2.19) - gl

Lot the design be dalanced, Then the C-matrix has (w=1)
nonvaere equal 00%s ench equal 0 &

V(Rgtp) oV(8gy) ¢ s00oW(Bgmh) = (w1IW(Ny)

. TV = V()% Cov(dyety)
i

(2.20) 1.00 '(‘1"‘3)‘»‘ ng*"(tN. V(i,)‘ 32-_‘_7(@3

In the sems way

“ia“‘)"ﬂ‘a“")*an"(‘z“v)' “‘a)"‘ 2 '('3)

8ince the design is balmoed every elemsntary trestnent
contrest has dhe same verignce and thevefors fyom (2.20)

md (2.,21) % “nw' that v(‘,)'v(‘a)' ﬁooc"("?t
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2
Thue from (2,18) V() » G- (%L
2
- %("%) and

V(4,4y1) = 2¥(%,)=2 Covlny, 4, a§?.

2 2
Henoe Cov (3‘1"“31)‘ %—"'" %‘ ("’%)
1

-2
x5
e Vw&mmmn‘lﬂxdtimmmvz
""% % . & @ %’

"% 1'%0-; ‘%

» [ ] L ] [ ] L J L ]
. * o o o K
01 “1 ¢ o o ) I 1
| ¥ v v

= i(lv - % E(V;V))

Sufficlengy
V(3;) e cov (§5,8,1) are indepentent of 3 end 3!
i henoe V(s, = %,1) 1s ¢ omstent independent of 3 md s'.



m.mmmmm«emm
sash equal %0 H,
10.‘ n L m”’

e % = dwmlq
- [ dnm]e - §
v « e jm?
= 11~ 1 80vewm]

teee T = (1 EHww
Oav (34eQy) =  E? Cov (8ye%y)
¢ = ® [é {r,- 1 Bvyvi)]
« &1, - 3 2v,m)
s  ReN K-‘ §!

vhere N is the incldemoe matrix of she deaign
% Mﬂﬂl‘) =  t(C+R)
- tr[n-!!(l," % 5(\'.7?_;[

%— %— ;:f- » £ pieH(v~1)
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e H » ﬂ"%— %— %‘
I£ Ahe design is belanoed binavy equireplisate
| 2
nnwml %%%‘.%é‘- %‘?‘ u b,

Hov
iyt » mencr, - 1 Evw)

- 1) - - TR

= W-FYR

v

.o
PR ) §
v

s ® »

-y
Nk N
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. r(bor)™?
>0 ed B>»

Heoe bd>vw

Thus for & comeoted binawy equireplicate balanced design b
cannot be less than v,

One method generally employed in construction of
designs is %0 deduce them from existing ones. In similar
lines atteapts have been made by meny suthors 10 omstzust
balmoced n—-ary designs from the existing BIB designe.
Higm g% al. (1977) obteined balsnced n-ary designs from
BIB designs. The sudstance of their approach is a8
follows.

Assume that there sre < BIB designs esoh in v
treatamis 49 S50 soop S, Let the persmeters of the
1% donign ve (v, by 7;0 Xys g )e Augment esch of the b,
blocks of the first design by K,' plote, each of the b,
blogks of the seccnd by Ky' plets ete. esch of the b,
Mocks of the (u=1)'" destgn by K, plots, end apply o
mmttom.dlmwta. Repeat esach of the
sugnented dlocks 2 Wimes. The u'® design is then repested
P times sueh that the design obtained is delanced., 1f
saxison value of xJ‘ (%19 oses u=1) is =1 the design
obdained is n-ary. Sinoce the design should be balsnced
the C metrix should have all its diegonal elements equal
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mmmanml. This property omn
be used 40 Aeternine the value of p in terms of the

m“mm&ﬂ“&mdl}. YY) ‘;,‘0
I8 is esay V0 shov thab

-
e e (K /7Y [’é (Kjry= "y/Egg) ]

The sbove rrocedure for the omstruotion of
balenoed n-ary designs is a generalisation of the method
by Kulshrestha g} al. (1972) for obdaining seme designs
vith $wo block sises.

The design would require %00 mmy experinental
unite. In such cases neaxly balanoed designs, which may
serve as & sudstitute vhenever a suiteble design is not
svailabls for » given mmbder of treataents, have ale®
bem suggested.

Construction of non-proper designs from BIB designs
s discussed by Jobn (1964). In these designs the
replications osn be unequal, There were %wo dypes of
blosks. One type had size X'+ scutaining s nev treataent

to,x‘umuth,(:ﬂ. 2y se0 o V) Of the
BIBD, mmmummmunrm
of Ahe BIBD each having sise K. Dvidently -7

K oY
The design em be constructed 1f the sorresponding BIND

exists. IS was shown by the suthor that when K's3, Ks3
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such designs exist, ZThe bloocks of one design for w=i are
(001), (002), (003) (004), (123), (124), (134), (234).

Por vu4 ihe following BIED exists

blooks
1 1 1 1 0
2 1 1 0 1
3 1 0 1 1
4 0 | 1 1

AMding she Blooks (001), 002), V0%, (004) $0 the above design
wvill give & balanced temmary design in 5 trestnents in
blocks of sise 3,

A alightly different method was sdopted by
Nigsm (1974) for obdtaining balsnoed, equirepliocate,
proper texnary designs., This was done by addition of
blocks of balsnoed incomplote block designs having equal
nusber of trestments, Let ¥, and §, be %wo belanced
incomplete block designs vith parsmeters (v, b,y Ty Ky ™,
uv’ '2' Zge '2'7‘2 m&m. Now add te the b
block of the first design 0 the 3'® ulook of the second
donign for 1e1, 2, oo o By) 3oy 24 cee  Bye The Beby
mmmotuux,«,uutmsm.am
design. Therefore n'eu‘m Slven BIBED it is possidle to
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oonstruct & temary design. It was evident fyom this
result that vhenever a ¥~exy balanoced design existe, by
resorting to the addition of hlooks indicated above a
(2v=1)wary balanced design can de ocensirusted. It omn
be illustrated as follows, The incidence matyix of a
BIBD having vai, Ea2, yaS, bay, ~=u{ ip

o © .d -
QO & O -
w O O
Q - - O
- O - O
- -s o ©

A BIED with v, r=i, kei,” 20 snd Dué is en identity
natrix of oxrder 4, mmmnmo:m-mm
$0 the sbove incidence mairix & balmmoed design having
24 blocks esch having sise 3 is ebtained.

The suthor has furibher shown that for ey given
BIB design adding its 1% colum %0 the 3*B codum 12
s nore desirvebls balanced temary design vith ssaller
mumber of blocks csn be obieined,

In 4he designs construoted by Higsm (1974) the
number of blocks snd bleck sise vere quite large.
Following Nigmm, Tysgl and Riswi (1979) suggested some
nodifications 80 as t0 reduoe 4hs nambder of blocks snd
block sise of the ternaxy (or n-sry) designs. In thely
approach a BIB design with paremeters v, b, r, k; ™ whose



(%
A

bhxv ineidence metrix is N and snother BIB design vith v
wmuuu’.n' o8 incidence matrix, n is s
positive integer vas considered, Nov following the same
procedure given by Kigsm blocks were consiructied,

IS vas further showm that the pusber of blocks
end dlock sise oould be reduced by adding the elementas
of the 3% Block by X° 40 caly those colmms of N which
ocontaln wmaity in she 3*® colum,

The prooceiure csn be illustirated ss followss

Consider the cane 0f a 4 \restnnt design asscoiated
%0 the BIB design with parameters waf, bub, rel, ks, » =l
for vhich ths inoldence matrix is

O w O =
-w O O =
O - - D
- O w O
- o 0 O

1
1
0
0

Fow if the first colum of the identity matrix are added
%0 those of first, second and dbhivd rows of Ny the
Mo:mumwz‘mm.atomu
fives, fourth end fifth colume of ¥ sd 80 on we ged
the following incidence matyix in 12 bloaks,.
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N - © O

© O & »
© = O ®
- O O =N
©C O B -
© - B O
- O N O
o ﬁ- O
O N - O
o v © O
N O O -
N O « O

Nigem has also developed sexnary design for 4
trestuents in 12 dlooks, but the block size was 4 wheress
in the sbove design the block sise is 3.

Proper equireplicats balsnsed n-avy Sesigns were
the interest of Murthy end Das (1967) end Surendrsn end
Sany (1979). The logie of the designs obtained by the
former oen e 4o in fact ssme as the method of
omstruciing orthogonsl arrays. To explain it we give
s sinple came, The two orthogonal latin squares of side
% are

012 o2
2 01 120
120 2 01

MhmmlulMdeucolmot

s DoV axyay. TO this aid s solums obtained by teking
the mmbsre correspending 40 Ahe same mmber of the seoond
latin square vhan 14 19 supsrimposed on the first. The
srray obbained will be
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e
- N O
N O -
O - W

This is an orthogonal arvay. Ths rows sre such
Mmetwottmmm(g) wvill ocour
exactly the seaae nmxmber of times where no distinotion is
made betvean (F) and (3). Therefore it follows that
the above arrey is balanced n-ary design where ns3i
provided the colums are $aken as dlocks. If the munbers
Oy 15 2 are replaced by positive integers p,e Py sod o
still 1% will be a n-ary design. The above oonstruction
will hold trus 80 long as orthogonal latin squares osn
be found, Henoe from Sx8 orthogonal laiin squares ve cam
construct a number of nwaxy designs dy replacing the
numbers Oy 14 24 eee (9~1) by appropriste +ve integers,

That Morthy end Das ware making use of sssociable
balenced incomplete block designs was brought out by
Surendren and Sunny (1979). Tve BIB designs vith incidence
matrices N, and B, both of order bav are associsble if
u, * xa = sero-cne natriz and l,lx‘ - A [E(v.v)wll .

Suppose we group ths elementes Of a orthogonal
erray into differemt groups. If the elements of one group
are replaced by one and those of 4he rest by sero and
this is done with respect %0 all groups we will get
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ssscciable designs. This method is tyue even if a single
integer of the orthogenal array is replaced by one and the
rest by sere, It was {hese sssceisble designs, which
vere used by Das end Murdhy. They were edded after
mltiplying each by s appropriste nmusber 10 got dalanced
nwexy design., Generelising this oonoept Sunny end
Sureniren (1979) showed thab, Lf iy imly 24 oo o K ave
noonegative integers, thmn llul“!l‘ . ,mns.*?kﬂk is s proper
balanced n-ery design, 1f largest smomg the P 's is (n=1).
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MATERIALS AND METHODS

Several methods are in sxistence for the eongtruction
of deaigns. One brosd approzch is 40 nmake use of existing
dn&muw&nﬁmm, The aethods generally
enployed ares
(1) snversion or dualisstion
(2) block section
(3) Ddlook intersection
(4) oompleasntation, and
(5) Eronecker product.

In this thesis these are employed t0 construcd n—exy
balanced designa, Apert from these ceriain other unique
procedures are also nade use of 40 generate them, We sball
descridbe the above methods one by one in reletion to BIB
designs.

I£ N is the incidence madrix of the given design its
tranapose X' will give tbe inverted design., 14 is aleo
known ss the dual of N,

In the case of aymmetrical BIED it ocan be shown that
the dual design will de seme &8 Ahe original design. This
vill be true if |

WE* = N'N
a8 both K end N' are Dinavy. I N i@ a BIED with persmeters
bey, rek,
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Aleo r+(v2) ™ a pe(vet)n e N
a pop(ret)= ™
- 2Re N

for any BIBD A (w=1) = »(k=1)

Therefore

tz") -
(m.)‘i - _ 8'2“'7\ .
[ ] L4 L ]
- N - N .

L d

L 4

L]
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- ?(_z‘:;\; (& (v)- ~E(vy¥) )
Hence N"‘f‘ - z (P N— (3'2 I(v)= %E(V.V)]

Preemltiplying this relation by N' and post multiplying

by N wve get

(ePNrE~ ~p?
v) = ?GL-T)'[ e

1 [N'F= 2E(v,W))
L I

1.0 N'H a (r= NI(¥)e 2B(vyv) = RN';
thus showing thet N’ is the seme design as N.

The method of complementation can be descrived as
follows. Let there ba a BIBD with parameters v, b, r, k, "\,
Conetruot & new design by taking ss ite 4%P vlock all
sreatments not contained in the 1P block of BIED. This is
called complementary design of ths given BIBD,



Syabolicelly the design complementery to N is
Ne = E(w,h)=N

wowe!  w [ECvep)e) | [ECw,m)n ]!
. [Evow=t] [Bwmen']
o [B(vyd) E(byv)-HE(D,¥)=E(v,v)N" onn’

s (3= 2)1e(bere ")E(v,V¥)

sinoe ¥* has blook size vk, mumber of blocks b ad
mmber of trestments v, it is s BIED uith permneters
v'ay, b'sd, ¥'sbep, k'eyek, ~'ubeRyen ,

In block section & aymmeiricsl BIED with persmetars
Ve by ¥y kK, 18 considered snd & nev design is constructed
from this es follovs., Teke any arbitrary block, Since the
relative position of a blook will nod affect RFIBD, we shall
teke the first block. Drop this dlock sud omit the
trestments in this bdloek from the remaining (b=1) dlocks.
Then we get a BIED, Sinos we drop the k trestnents in
the first block the number of trestaents in the nev design
is (k). As ane dlook im dropped the number of blooks
of the design vill be (b=1), |

As every block of the symmetricsl BIED has ™ trest~
aents commen with esch of 4he othexr blocks the nev design
has block sise k~™, Nvidemily replication of the treat-
Bats is T end the value of » is wmaffected. Hance She
new design s & BIED with v'eyek, d'sb=1, K'sk=", r'sr, MNs?,
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| A BIBD can be constructed from s symmetrical BIBD
by dropping sn arbitrary blook say the first block, bud
retaining in the renmaining blocks only those treatnents
vhioch were in the first blook that was dropped. This
procedure is called blook interssetion, The parameters of
this nev design are v'sk, b'sd=1, r'wr=1, k's ™, N'u =i,

Every treatnent of the first$ dlock cecur once in
that block snd hemoe will ocour (re1) 4imes in the remaining
(b~1) blocks., Bvery peir of trestamnts of the firet blook
ocour once in that blook, Hanoe each of these pairs ococour
sogether in (> ~1) bloocks in the remaining (b~1) bloeks.
As ~ is $he mmber of treatnents common hetween sny $wo
blocks of a symmetrical BIBD, every dlock of the generated
design will be of sise™ . Block intersection ylelds a
useful design only vhen ™ is &t least 2,

We shall nov indroduce Kromecker product
Definition S.1. If As(gl)) is an mon metrix end Ba(bi))
is an pxg metrix, ths Kronscker produet (direct product) of
the matrices A and B, denoted by A x B is an np x nq matrix,

The ooncept of Kromecker product is also very
useful in congtruotion of deeigns. A Kronecker product of
designs was defined by Vartak (1960) as followss
Definition 3.2. If N, is the incidence matrix of a deaign
D'. and llz is the incidence matrix of snother design 92' the
design with incidence metrix l‘ﬂz, wvhare x is Kroneoker
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product of matrices, is ealled Kronecker product of Designs
D, ond 92‘ ’

The meaning of this definition is as follows:
et nl be the d‘lldn.kn.Vi freatnmnis arrenged Ln,hl blooks
of size k;, esch treatamt deing replicated r, times (1=1,2),
!hu‘viié treataents in the Kranecker product of designs sve
the ordered pair of trestmmis (<, ), « belonging o D,
end p belonging t0 Dye  The byb, hloocks axe formed hy
teking sny blook of 93 and foruing oxrdered pairs of these
wreatnants vith the trestuments ccowrring in any bloek D§¢
For exammple, n, unzm

31 Da
(1,2) (1 924445)
(1.5) "!‘0‘!2)
(2,3) (59245, 1)

then the Kronecker product of designs Dy and D, is
(151)y (1,2)9 (1,4)4 (1,5), (2o1) (242), (2,4), (2,5)
(163)9 (154), (1,1), (1,2)y (2,3)y (2,4), (2,1), (2,2)
(145), (152)4 (1,3), (1,1), (245)y (242), (2,3), (2,1)
(151)9 (1,2)4 (154), (1,5), (341)¢ (352)s (394)y (3,5)
(13)5 (154)5 (131), (152)y (343)5 (344), (31), (3,2)
(105)s (152)5 (1,3)5 (151), (345)s (352)4 (353)s (341)
(2,1)y (242)y (244)4 (245)y (3415 (342) (394)y (345)
(24309 (208)5 (291)0 (202)5 (343)0 (344)s (341D (342)
(245)s (242)y (2,3)y (2,1)5 (345)s (342)s (343)s (34 1)



The following theorem dus %0 Vertek (1960) shows the
strusture of sets (aleo known es block strusture) of the
Kronscker product of designs, |

Theorem 3.1, I£ in & design D, there exists & pair
otumuma,mummmtwr
Mmmmm,awo:m-wzm-ﬁ
treatnents in common,

Froof: Let Ny N, and K be the incidemce natrices
otn,.nzmmmm.mmuw.
Than ‘

N = l‘xlg
eod henoe |

F'R = (HN,) = (N,)

From the statement of the theorem m, is an element of NIN,
od m, 48 an eleaent of !li!a._ whioh implies that there is
s peir of sets vith u,m, sysbole in comacn.
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Bventhough the nvaxy designs vere introduced by
Tosher some 30 years ago no sttenpd has deen made t0 stuly
the properties of the parmmeters associated wvith she design.
A gtuly of the relation between parsmeters mey lsad to new
designs from 4he existing omes.

4.,1. Relasionahip detvesn paraneters.

In balsnwoed incomplets block design we have the
result that r>7~, Ve shall first suggest an sltemative
procedure t0 prove this resuls. |

By Sohwart's inequality
(4e) (58D (£3D) >(<am))?

umwvm-mmu-,‘ummxmubp
In @ BIBD with paramsters v, by ry ky

)

£y =

and %3
. -

‘ .
Nov  (Safy) (£ad) >(Smygm )2
-mwtymm.omhunuummmnnw.
Since sach of theass two can teke only O, 1 vslues they
cen de proportional if evexy trestment cocurs in esch block
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i hanoe it follows 4hed »>7 4n s BIBD,

Let us oconsider woper dalmnsed equireplicste
designs, Amsums as befure thed is the mmber of times
the 1% treatamt ocours in the 3B vloek,

Then

1 »

we (T gy
Sinoe the Gesign is balanoed as alao equireplicats mmd since
the C madrix of the design is b
(462) RV & Diag (ry o .u.t)-(faw)
all the diegonal elements of the O matwix should de equal
20 also should be the off-iisgonal elements.
Thevefore it L0llows that

(4.3) 2

3%13“2 s h
is & oongtans for all 4 and

»
(h&)}%‘w s N is o ometant for any 4 end p (L4p)
Hanoe ve oome %0 the resuls that
“‘ - rh"‘auo ’/\\
NBeee A

. 2 5 & & 9

m%‘CChJ.

.

We shall now prove that h > ™



Prom Sohuart’s inequaliny

(5a5g) (208 Sm a2

48

ummuvmwmumummu
nw. That is every Wreatment ocosurs in the same preportim
in every dlock which is impossible and hemse h>),
Theoaren 4.%. In a proper equirveplicats balanced n-exry

design b v,

M e () IV EwW)

) - S NP

m'| « |20 ..

L] . * o

L] L L I

‘["(ﬂ)a 1T 1 o

sfpetwnN) 1 1 .

* L] * 9

» . L B

O 0 o«

= [(Boty1) ~ ] (e )™

\A_h

s A

s A

. @

L

L

s h

. |
0
v s

LR

o Do)

Mdaing all rows o

the first and teking
the oonmenr feoctor

out,

Suhetrecting > dines
first row from She
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This is different from sexo as h >

Henoe B>V |

Regult 4.1. ¥k = he(w1)”> in a proper equireplicate
balanoced n-ary incomplete blook design.

Proof. The C-matrix of the design hy the notstion used
sbove is

diag (3" Ty ¢ s o .. r)e /e 7& LA E\l
% m L4 * L] %
L% % Y T m_/

Since every row of the C-matrix aids $0 zexro ws get

cecp =R G

(4e4) Lo 2k = h*(v-i) 7“
’-QQQ(M)’ (V"") »

We define a proper equireplicate symmstrical n-ery
balanoced denign as one having bev,
Theoren 4.2, The &dual of a aymasirical proper equireplicate
balanced n~ary design is itself,
Proof, UYe have alresady shown that in a symmetrical proper
equireplicate balanced n-ary design.

BN = (b= 2)I(¥)* 2E(v,V)
Now the determinant of NN', on remembering relatsion (4.4),
s 2=V,



The cofsoter of b in W' &s

h"\é-&hé*
"B e & & D
i ¢ & 8 b b
« % & & + @

A2 e o & B (wt)(ws?)

Adding all rows 0 the first and dsking the ocommcn fectowr
oud we get the wvalue of cofactor as

1T 1t 4 5 & 9
Eh’(ﬂ)"‘] 2B e o8 o8 AN
$ o 6 & & b
o o & 4 o @

2N ¢ ¢« o R

e [(aw)?) (e )™
on simplificstion.
Hemembering (4:4) this simplifies 40
(445) (FP= ) (nen)™R |
Cofacter of ™ in NN’ s

N N e e 8 N

7\h0‘.7\'

* @ e o @ L

A Ne s o B | (w1)(w1)



1114490

which simplified 40 = A(ne )2

/83-7‘ - o s @ - N

[r”x (w)= m(vm]

(h-%)

smomulm‘l is 41fferens fyom sexo N is & non»
singulear matrix and is thearefore inversidle., Henos

A I W | - - A
ahH™ty 7:;_—;-) [#P1(9)= ~E(vyw))

Premuldiplity this welstiom by B! end poss sudsiply Wy ¥.
Then rensndering that sun of ey yov 0 o0lum of X is »
ve got

o e
- (¥t~ ABvyw) |

N « (> 2)I(v)e 2Blwyw) = m’

THRISSUR

80 654

This proves the result,

muwmammmmm-
mmmmcmmuom. As an
&Wﬂuqunmd denign (D) given by
rm(im)mmwmnmmmum



Arvestments and oolumns the blooks

- O P O -

- O @« © O N
Q & O O W =
o n‘ - b

- P - O O O
N O O & - O

0 0

Purther we have in a symastrical proper equireplicate
balenced n-ary design.

Y« 5] = Ren™
Theoran 4.3, !fnummmorumﬂanl?
Mmmmaﬁmdnmn—mw
design 1% wvill de equireplicate if > 2 . a omstems.
fas

] 2
Ith s 3%1“1»3 5% 18 eaqy 40 shov thed

V) = (z= Po?

Since dhis is t0 be independent of 41 fLor the design %0 be
. balmmoed 1% :m-\m:, LR IR,

Theoren 4.4, In any balanesd equirvepliocate n~ary design d>v,
-Ppoof, Let r be the mmber of replications of ecach tresi~
nent snd k, be the sise of the §** vlook,

Then .
¢ = e 'y
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| )
(4.6) - M(’.aooﬂ)'é‘*

i ",2.--0.\;'
J = 1,20 0009

xznum-ﬁazcrmmetomm«m

of L 1s 1 E(vt) et
lﬁ_s( )

tlor » 1leen x"WYH) 1

= a=(5i(™WY) 1
1460 8188 (Og 85 + » + ¢ & = BL'E"WY
(4e7) 240, IIK"Y'L o Qlag (xg 2% « « + o Tv9)
This relation shows thet FE™'¥! will have all dlegonal
clenents equal sml all off dlagonel elements equal.
In (447) 32 reg the renk of ¥X" ! \i21 be v.
et 1f possidle reg |
then i~ y! . £ Bv,¥)
Camparing this with (4.6) such a situation ocan axise omly

12 2L, 3

FEE L
1.0, the trestments cocur proporticuabely in ell bloeks
which 1s impossidle. Hemoce gée snd therefore the reok of
! 15 .
1.0 D>V

One method of oomstruction of balanced inocomplete
bloek design is by blook secticn end block intersectiom
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spplied 3o symmetries) MIED's. Hovever the sans procsdure
commot be extended %0 neayy designs. The bleak seotion

applisd $0 symaetziesl pwoper equireplicats belsnced nery
Wmaﬁwcmlmmn‘uezmm

(h=7)1(v)* 2 Xvy¥)
mmmu«ammuamuam
ummmmm;mmmm
As sn {1lustrstion if we drop the f£irst block of the
aysmetriosl dewnary design Ny Tosher (1952) given sarlier
um-wmmmdﬂn

20 10 ¢

N = 02 10 %

11020
6 2 2
- 2 6 8
2 2 6

each trestaent is replicated 4 times and hlock sises sre .
3¢ 50,20 20 2.

The O astwix of she design is



f-; Y sl
- |Y W an
33 2/3 o3
R ]
% - S/3  =2/3
23 w2

o © !
C & O
= © o

and this shows that the design odiained by block seotiom
umm@u. If we apply block intersection ¢o
symmetrical proper equireplicste n-ary designs the procedure
zay not lsad to balancel design.

As e exsmple Lif we drop ¥he first Dlock of the symmetrical
design due to Tooher (1952) end keep anly the trestmmis

of this block in the rest of the blook we get the deasign

11000
002 10
0o0oo0 1 2

which is olearly not balamced. |

Though blook section snd block intersection are not
frulsful in giving n-ary designs the method of complemen=
tation usually uged in inecomplete bDlock deaigns for the
oonatruciion of designs is useful in the case of nwary
designs. But the complementation in this case tekes a
slightly different form,



Theoren 4.5. Let ¥ be & dalanced pweper nwary design. Them
Ny» (a=1)E(vyb)=¥ is & proper delmoed nvery design.

Proof. numumm“ammwu,
mm&““muqmw Thetefors
ummmtmn‘l, mhmmmm

(b= 2)I(¥)* 2 E(v,¥) than ¥ L8 . m equireplicate n-axy
design. Ve note thal the largest elemant of Ny is (a=1)
snd the smallest clenent saro ss ¥ contains soms elements
oqoal %0 (n=~1).

1
Toen 8,5,' = [(=1)BECvgw)o8 ] [(a=)E(v,B)-]

o (2-1)20B(v, V)= (0 1)FE(D, ¥) ~(n=1)ZE(by¥) +
(b= 2 )1(¥)* ~Bl¥yV)

e Evyw) [(aet)dpear(av1)+ )] o(be MNI(V)
Farther yov sum of N, and colusm sum of the seme design
sre congtemits, M!‘uaMuﬂmummw
design.
4.2, Balsnced designs vith wnequal replications.

Consider s bealsmoed inpomplete block design in 4

srestments heving the following insidence aatrix,

o 1 1 1]
E = 10 ¢ 1
v 10 1
11 10]

2o this ve ald 4 Dlooks ssch of sise 3 snd eash consisting
of a nev trestams O snd sn 0l trestment replicated tuioe.



Thet 1s %0 say the composition of the ' blook will be
(Op 40 L) 1= 1, 2, 3, 4. The incidence matrix of the design
is

Ny = [1 111000 0
200049110
0200110 1
002010 1 1
000201 1 1

This s & proper design sod
L B Al A 4 2 2 2 2]
= 3 2 72 2 2
2 2722
2 2272
2222 7]

R = dalg (4.595.535. ) and hamoe

(&3 w2/  wf3 5 <23
/3 8/% =2/3 /3

-2/3  -»/3 afs  =2/3  =2/3
“2/3 =R/5 «2/3 e/3  -2/3
“2/3 f3 /5 /3 o3

N c -

which shows the design is dalanced eventhough the repli~
catione of the treatnents are not equal, This design was
obtained as & veriation of 4he design given by Jobn (1964).



Jobn's design omalsh of BIock (0,0,1) (040,2) (0,0,3) (0,044)
@i N, The design given above cmn be further generalised
Theoren 4.6, Lot ¥ %o o MIID in trestnnents 1, 2, ¢ « s 4 ¥
vith paremeters v, by, ¥y Ko s A4 t0 this Qenign v blocka
ne 1% aue containing s nev Arestnemt O snd the treatamt i,
the latter repested (k=1) times in the blook, The design
n,u(w%)muammmmu
rol(v=1) d > = k=1,

Proot.’ Coo * v-'{- m
Oy = mm>—gp’s§
. G2V (xe1)

uou'mumwc”mmmuum
ve geb the condition rw(vet) “

Purther C,, = UV

N

Por the design 10 be balmesd the offiisgonsl elements should
be oqual. This lesds to the reletien BV oo or nuket,
Therefore the sbove keary design om exist only Af v, b,
(v1), k, (k=1) oxiots, We know that s design of the iype
reku(v=1) and " s(v2) alvays eximis,



4.3, Balenced designs with unequal dlook sise and wnequel
weplioations, | |
There sre situstions in vhich the svailshle snimals
mummmmwmom
tinal designe. OConsider for sxampls sn experiment in wvhich
7 Glets are 10 be tried en plgdets from 3 litters sach of
sine 10, If ve use e smventional experiaent ve oen meke
use of enly & randonised block with 3 replicstions. This
vill lesve out the remeining 9 snimals sventhough s repli-
oatiem of 3 may be oonsidered insdequete. In this eontext
lst us oaider a design of tha following Sype oconsisting
of the trestmamis Oy 14 2¢ + + « 6o The trestamts of ihe
blooks are indicated in braskets. (0,1), (042), (0,3),
(0pd)y (05)g (046) (152,39455¢6), (19293949546).(1924344,4546) -

~ Then

O OO0 OO -
OO 200CO =
©O4s00Q0C
. OO0 00

[coooo.a..-l
OO0 OO 40 «
Cwh ald o d wb a O
-o-i.o-a-a-oo

"R w  dleg (6odehetsbed)
K - (2.3,2.2.2,2.6;5&5)
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' «|s w2 w2 w2 12 12
72 1 72 12 12 12

V2 R o2 1 e
V2 V2 V2 a2 1 e
V2 V2 va w2 12 1

“1/2 =12 *V/2 3  «1/2 =\/2
“1/2 *1/2 =1/2 =1/2 3 =1/2
=1/2 =1/2 «1/2 =1/2 -V/2 3 |

end the design is balanced. The sbove indicates an esay
but effective procedure for cmmstyueting balanced n~ary
designs vith wequal repliocations snd mequal dlook sises
for prectical purposes. This is sctually an extension of
the procsdurs contained in Sheorem (4.5). Thus the
following theorem, |

Theoren 4,7, Let there be s rendomised blook design with
v tTestments 1, 2, « ¢ « o V. Then if N is this design
WWI,WVMVMMdnuz,
the 1™ containing a nev trestment end he 014 trestmmt 1
vill de balanced binsry design for (v+1) trestments with
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different block size and different replications provided

4.4 Beslanced designs vith uwnequal block eizes and equal
replications.
The above idea oo be extended. Por exemple, if

ve assdoiate vith & rendonised dlock dosign of v trestaents

in r blooks (Qp¥,1) &+ « o +(0yvy¥) Whare O is a nevw
trestment snd 1,2, « o+ o oV are old treatments, the design
obtained vill be balsnced binary for (ve1) trestamts
ifr= §v. Thus for G treatments the deaign (0,1,1)
(00292)y (09343) (0s894)s (04395)s (04646) (192,394,45,5)

(152039495:6) (142,3544546) (152,35,44546) will be belanced.

For this design
R e d8ig (6,6,606,606)9 K & (3939555939 3969646)



2 a3 a3 s s s
oY . (M3 R s s s s s
o/s 2/5 2 5 % a3 23

2/3 2/ 2/3 2 /5 a3 23

2/s a/3 /% /5 2 s e

2/5 2/3 ofs /3 25 2 23

/3 /3 a3 23 23 2

4 =2/3 w2/3 =3 =[5 =R =2/

“2fS & =2f3 -Rf5 -f3 <2f5 =/

C = s w2f3 4 w2f3 =23 /5 =23
/5 =2f% /5 & =f3% =[5 <=/3

/5 =2f3 “2f5 =25 4 /3 =2/3

“2/3 Rf3 -2/3 2/ ~Rf% 4 -2

(=2/3 “Rf3 I3 <2/3 =3 =3 4 __

4.5. EKronseker profuct snd balsnced nwary designs.

We shall now use the method of Kronecker produst
$0 the ometrustion of proper equirepliocste balsnoced n-sry
designs. The method is contained in the theorems glvem
ml |
Theoren 4.8, Let N, emd N, Dbe twe BIB designs with
Parametors vy Byy qp kys 2y 888 ¥y Doy 2py Kpp 7,
respoctizely. For positive integral values of sy ond &g,
84B(1ybo)al sa R, x E(1,D4) 48 in gemeral a proper
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oquireplicate nvery design ywovided ay*egt! = n
Proof, Iet N = .,E(‘y‘a)”,‘.zﬁa x B("M)o
m o8
~(AxB) (A x8)! =Ml :{Blé",
W' w [ayB(1eby) x Bysugly 3 B(1eby)
[8g2C1s0) " x njenu) & 2(340,)]
R TR TR LY B A
Rl % P SRWY (KL
28,8y B(1,0) W' x W E(140,)"
(468) +*s W' s s,‘\,!,l} . a,"l,l;\‘ * Bvaya o E(v,v)

f‘ r’\’i . QN | ?g (5. o o c7\2
™ !‘10 . + '}.a !’z * 0 o?‘
'512" . Y 'lzg“ . * s s e

*avagR T,
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(4.9) 1.0, “‘ - h 7 . ] ¢« N

» L] * ] » L

: h
N » * . "_4

(4510) B = agfagry + a'yry * Bvagarhy

Wath) = 8Py 7y ¢ apTy 7y ¢ Bvgagryn,

The block siss of ¥ is

(4:12) akyon k. end the réplicstion of each Srestmmns in ¥ Lo

(413)  ayByryomghy®y

The equetions (4.12) ad (4.13) alang with (4.9) shous dhat
N is a proper equireplioste n-ary design vhere evidently

el = 848y,

Cowollary 4.1¢ Taking asa,s? is ses that
B(‘l.b,)ﬂ'ﬂlaxl(t.b‘) = § is a Sernaxy proper equirepliocste
amuumum-qb,.mum

Vo rebe¥pebg¥y sod kukyeky,

Corollary 4e2, If ays! agwr2 and Koe I({v) a n-ary design
vith deb,v yurgd, kekyt! and number of trestments equal 10
v is obtained,

Thesrem 4,9, N, and N, sve tvo balmced proper equireplicste
‘ a,wﬂn,»wﬁdmmvmndthlﬂb,nnn
respectively, 1If sy sl a, sre positive integers

ayB(1yh,) x l,n.zllzn(i.b,) 19 a nvary balansed equireplioste
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proper design with b.b, blocks vhere a-n,(n‘ﬂ)ua(n,-ﬂﬂ.

Pyoot, saml,“lzmbdmd‘mmqum»ncm
designs !,!11 dl,la‘mumzmem form

(418) BB,V e (g 2 T(We ABveY)
(4.15) “2‘21 = (b= ‘A,)’l(v‘)' N vyY)
How defining '
(4e16) B agBl1,D,)uM eaglan(1sh,)
(4etD) A a [ E(10p)2W e MaxE( 14D, ) |
By BC1e0g) Y x g Voa m, 1xn(1,b,
N A Y “Bay8yvryTaElve)
Using equation (4.14) end (4.13) in this relasiom,
! - qaba((h,-' M) 1{v) e NE(vyv)
naab, (hg= 29)1(¥) ¢ NpE(v,v)
RayavrrHveY)
| u (b %)I(V)f’\uv.v) vhere
(4:18) B = aeneafonciea vy,
I L T L N S s
Further ve note that

(4.20) K . ok, onko,

ol
W2  x e aybyrycaey,



vheye k and » axe $he block sise snd replications of
tmtmui.nu and kiy ¢ Te block sise and repliostions
of the treataents in the design n‘. i= 1,2,

Corollaxy 43¢ If syma,=i, Nyoliae & Y=ary balanced equi~-
replicate proper design then N is & proper equireplioste
balanced (2t~1)=ary design.

Corollary 4.4. 11;1-‘2-1,11131-016‘:1@“!2;9-&',7
design then K is a poa~i=ary dosign.

Bxemple 4.1. rmn,-mxtomaumnmm 1)
dladsmmmtouoansmcmaﬁthv-ﬁ.w
a0, ko3 and 7 =20,

322 1 1 1 211000 2 11000
020 10 1 13192 1 2 02010 1
002 10 1 00 2 10 1 113 2 12
1002 10 1002 10 1002 10
011020 011020 011020
1000 1 2 100012 1000 12
211000 2 11000 211000
020 10 1 020 10 19 020 10 1
00 2 10 1 002101 002110 1
2 11 3% 21 1002 %0 1002 10
011020 12 2 13 1 01 1020
1000 1 2 1000 1 2 2 11123

4.6, Nearly balancel designe
Consider a rendomised block design in which all but
one of $he » DbDlocks econtain all the v troatnmis snd
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the first block contains enly (ve1) treataenis, the fivst
being omitted from 1%, The C-matrix of the design is sssily

sesn %0 de
C = n-u"‘x’
vare R =
S
5 ot
u"l’ - . .«
e
F(m)-(;;.v
(=D
v
4] b .
<=
T
_aﬂ-(‘;l)-ﬁ*
(=D
v
IO-'\I' - .
=D
L

L]

-

dleg ("’1. Ty o0 ¢y )

] L

[ J
L g

.
[ 4

.
L




1 0
{E=1) x=7e0
5
=)
v -0
[ ] *
[ ] »
-(t';.l) -
e« -9
- T wh
[ ] *
[ ] [ ]
-9 -

- - N L] i ]
=" ~reo(E) .,

L]
-
-
..
o

s o o0 *B
s s e e =0
*» & @ @ L]
» o e o

Cpered
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Taking *
outside end

18t rov from
the remeining

(we1)(wv=1)




b9

8 = ]:r- N «(P=1)0 |

Ading sll rows t0 the firet end teking the comum
faotor out and substreoting firet rov from the
renaining rows.
e oN(pene{vel) 8) (x= 2T

The charsoteristic roots are solution of

|e=71| = 0

o - Np=r=(y=1) ) (!"7*)‘,_‘ = 0

gives >y = 0y 2p = r(v1) 6 = (r=1), and Ng® erem N

Hence range of varistion of su elementary contrast
(S8ylvain Enrenfeld, 195%)

e 2 A 2
g_g;_, £ V(%=8y) 2 5.

Average varimoe = (;%7:' ?) gé

Inorease in aversge variance is

By & -1 =
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o’ W increass in varience » lwﬂiw’l)“

which is swall for moderste values of v ad v,
4.7« Amlysis, The importsnce of balsnced n-ary anip
is that the intrablook smalyais is pretiy sssy. Under the
usual linsar model for two way classification the trestment
effects are estimated from $he noxmsl equations
G‘;,l': s Q
Where C = (a*h)I+bE(v,v) and henoe
@ =4
Yot Y
M
So that
A
Yy
uuzmmummummmu

mlu&

mrmummmtwm.wm;o:
varisnce ssble umumammnuum
Further the varisnce of an elenentary contrsst is %—-



DISCUSSION



DISCUSSIOR

mnbdmdmmhu"mleﬁmm
¥s Dy ¥y K,™ we have the result r>7, An equivalens resuld
in a proper equireplicate dalanced nwayy design is h>7™,
where b= 5 n, 2 "= S + IS wes shown, b>v in & proper
7 g 5 M

equireplicate balanced neary design end dhis is sn extension
of the vell nowm Pisher's inequalidy in the case of BIRD
%0 the n-axy deaigns. Again in a BIBED we have ths relation
shepe A(we1), An equivalent relstion in n-ary design is
established 88 zhehe A(v=1), -

In the case of symmetrical insomplete blook design
the dual ie itself, 1% vas showns that if N 19 a proper
equireplicats balanced n—ary design its dual is itself,
This implies that dualisation vill not lesd to & nev design.
In o aymmstrical proper equiveplicate balanced nwary design,
‘uﬂ‘f:lﬁlaé(hﬂ)‘"‘. If v is even for the existence
of such a denign (=7 should be s perfeet square. This is
a result comparable with e eorrespanding result foxr the
existence of a aymmetrionl BIBD that (r=7n should be pexrfect
square if v is even,
| 1% has been proved hy Hso (1956) that a proper
balanced binary design is always equireplicate. The resuls
canmnot be straightawvay extended $0 the n-ary deeigns.
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mssnuuwzt%auauummrwmx.

I% vas shown that in say belansed equireplicate
naxy design b>v. This is & gmeralisstion of the resuld
of Atiquallsh (1961) thet in any equireplicate balanced
binaxy design D>v which i%eelf is & gmeralisation of
Fisher's inequality with reference 40 a BIBD, Thus the
resuld b>v established in this thesis is the most generel
extension 0f the resulis dus $0 the adove suthors,

Block section and Blook intersection may lesd $0 nev
designs. Howewer it wves shown that this procedure applied
$0 proper equireplicate aymmetrical n-axy designs may nod
leed 40 nevw designs. But it ves estadlished that the
oomplinantation of o special type leads 40 nev deaigns vhioch
are proper equirepliocete n-ary designs.

It vas obsarved Wy Oalinalki (1971) that when ocompering
nev varieties the seeds of wvhich are in short supply equal
repliostion may not be possidble eventhough equal informeSion
an ths verieties nay be required. Sush situstions call for
oconstruction of balanced designs with wequal repliocations.
The exsaple (011), (022), (035), (044), (123), (124), (134),
(234) vas obtained as & variation of the design given by
Jom (1964). The idea behind this approech was further
gemeralised into the following Sheorem,

Let N be o BIBD in trestnmmis 1,2, «.eyv with
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persmstears v, b, r, k, ", Add tc this design V blooks the
1% cne containing & nev srestnent sero end the trestment 1,
the latter repsated (k=1) timee in the dlock. The new
design ¥, in (ve1) trestnents is & dalenced kery design
provided re(v-1) and 7 sk,

There are situations in vhioh the svallsble animals
csonot be used ctmpletely for experimsnt using conventional
designs. These situstions may demend designs vith unequsl
replications snd wmequal blook sises. An experimaemt
involving 7 diets may utilise only 21 snimal from Shree
1itters esch of sise 10, if the convensional RED is used,
This will lgave oul the remsining 9 saimals eventhough a
replicstion of 3 may be omsidered insdequate. Design suited
for such cocesion are suggested in the following tVheorem,

Let there Do a rsndomised dlook design with v
Arestaents 1, 2, «c.yvs Them 12 ¥ is this design the deaign
N, obiained by adding v Dblosks esh of aize 2, the 1%®
oontaining a nev irestment snd the oM treatment i will
be balmced dinsry design for (ve!) trestments with unequal
block sise and unequal replicstions provided r = ¥,

MeAhod of Kreneoker jwoduct for the construction of
designs wes formelly introduoed by Vertek (1955). He
depended upon enuneration for the estadlishment of resulis,
The ssthenetical spprosch in $his commeoction was supplied
by Surendren (1968)., The Kyonmesker product for the
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construction of dalenced n-axy designs is formally
introduced to the litersture in the following premier
sheoren,

mtn,muaummnmumm
Vo Dyo Pyo Ky Ty 80 v, 531 Tae ko9 7y respectively.

For positive integral walues of
8y and 8y, 8 E(1,0,) 2N, +a K xEB(14Ds) &9 in general & pxeper
equireplicate n-ary design provided ay¢e,¢1 = n.

Teking ay=e =1 we see that E(1,yb,)xN, +N, xE(1,b,)ul
is a ternary proper equiveplicate design with numbexr of
blocks byby, mmber of Srestaents versber,b,r, and kek,+k,.
This resuls was established by Nigmm (1974) by the method
of emmeration,

If ay=1, s,m2 and Hysl(v) @ n-ary design with
buby¥, rersveb,, kek,+! snd number of trestments equal 40
v is odbtained, This was proved by Tyegli and Riswli (1979)
by & 4ifferent approach,

Furthey genoralisation of %he eppliostion of the
sppidention of Kronecker product for the sonstruction of
n-ary designs is contained in the theorem given bdelow,

Hy el N, ars two balanced proper equireplicate
ny~ary end n,-s¥y designs In v Arestments with by, b,
blooks respectively., If L i 8y are positive integers
8 E(1ob,) 2Ny sa, N, XE(1,by) 18 & n~sxY balanced equireplicate
proper design with b.h, dlocks uhere n+lua,(ng=1)say(n,-1).



If aymagsl, Neali,, & t~ary balanced equireplicste
proper design then ¥ is a proper equireplicate (24~1)-ary
design. |

This result was first estoblighed by FRigsm (1974),

b § 4 q.-nz-‘l. N, & p=ayy design and '2 & s~ary design
then N is & pea~i=-ary design.

IS vas observed by Nigsm (1974) that if proper equi-
replicate belsnoced p-ary end s*ayy designs are givem in the
same mmber of treatments L% is possidle to construch
pea-t=ary proper equireplicate balanced design.

The ebowve theorem oontains the most genersl fowm of
construoting equireplicats proper delanced n-ery designs
from existing designs of the same type. The results odlained
wmmmm(mwumsmmm
particular osses of this theorem, The theorem has added
izmportence as it 18 desed on & soud methematiocal procedure
and therefore ommtains 4hs possibdilitsies of further
development. IS is t0 be remembered that the previous
suthors heve esteblished results which are perticulsr cases
of the theorea by enumerstion.



SUMMARY



SUMMARY

An gttempt was mode $0 study the yroperties of the
nesry designs end sonme relation betveen the parsmeters of
2
the design vere estadlished, I1If he Pa % in
R T taY

a proper equireplicate bdalanced n-exy design it is showmn
that
(1) n>»
(11) bd>v
(114) =k » he(e1)™

1£ N is & proper equireplioste bdelenced n-ary
design 1% is proved that ite dual is Lteelf. PFPurther it
vas proved that a aymmetrical proper equireplicste dalanced
neery design for sn even walue 6f v oannot exist if h="2
is not a pexrfect squars. ‘

One has %0 be cautious im extending blook section
and block inter-gection t0 genersle balsnced designs from
symmetrical proper equireplieste bdalanced n-ary designs
as these procedures may not yield then, However a modified
~ form of ocomplementation wes shown to lead t0 proper
equireplicste balanced designs.

In sisustions like comperison ¢f nev varieties of
seads of which are in shoré supply, equal repliocstion may
not be possidle, In such situstions we have shown that
1% is posaidle to oomstruct belanced designs with wequal



~J3
-

replicstions, IV vas shown that if ¥ is o BIBD in
Sreatamis 1, 2, ceeeeg? vith pareamsters v, b, », k) by
edding %0 this design Vv bloeks such that the 1B
conteins a nev trestuent sero and the trestnent {, (k-1)
tines, the nev design ¥, in (ve1) trestaents vill be
balanoced kwayy design provided rw(v-1) amd 7w(k=1),

Thare are situsations in vhioh the svailable snizals
csnnot be used sompletely for dhe experiment using
mumgm. In suoh eivoumstances aleo i% is
sasy Yo oametyuct balanoed designs with equal replications
and unequal block sises.

I there is & yendonised blook design with v
sreatnents 1, 2,...9v; Shan, i} wvas shown thag, the
Mml‘eWMMV blocks each of sise 2,
tbe 1'P containing s nev trestamt sero end the oM
Areataent {, will be balanoed binary design for (vet)
srestacnts with different block sisnes and differemt
upuuummadmi»

Introduction of Kronecker product for the
ocomstruction of proper equireplicate balanced design is
one of the oulstending festures of {he thesis. The
folloving results vere esteblished,

MH‘MNQNIWB!Bmeme
Vs Bys Pqe Kqp 7y and vy Byy Fye Koo 7y Tespectively. For
posttive integral veluss of
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sy ond a,, 313(1.5)18,0‘3!2;8(1.1;1) is in general a proper
equireplicate nvary d-lp provided n,«zdnu.,

Teking ayma,=1 that B(1,b,)xN, s, xB(1,b,)eH is &
ternaxy proper equireplicate design wish number of blooks
byb,, DumbEr of trestuants v, re byr,ebor, and kek,+k,.

If a1, a2 snd !a-l:{v) 8 n=ary design with beb,v
rereved, kuk,+! sod nunber 0f trestmants equal to v ie
obtained,

Ny sod N, are $wo M proper equireplicate
ny~ery snd n,-ery designs in v trestmente with by, b, blocks
respectively. Ita,nlnzmmuwmum
84E(155,) 30, ea, N xE(1,b,) 48 & nwawy belanced equireplicate
proper design with byb, blocks vhare "‘i‘ﬁ")"&(“z’"’"

¢ 4 01-2-1. B‘-lz s Y»axy balsnoced egquireplicate
proper design then N is a proper equireplicete belanced
(2t=1)=axy Qesign.

1:-1-.2-1. K, :mMmmng a o-ary design
then N is a pes~i-ary dosign, |

The importance of n-ary design is that the intrablock
analysis is pretty easy.
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ABSTRACT

Tocher (1952) intweluoed n~axy designs as generali~.
sation of balsnced incomplete block designes, But the
propersies of she paremsters of the design have not been
disouseed 0 far. Ve have shown that some importent
properties of the balsnged insomplete block binary design
sare also 47us in the osse of dalamsed n-ary symmetrical
Froper equireplicats designs.

!muuhuﬁnuf 'Mg,w; in s proper

oquireplieate 4 design then
(1) n>72A
(1) d>w

(111) & = he(wti)]

compleonenitetion and inversion eonsidered by us for the
omstruociion of designs the methed of complementation is
only foumd fruitful for the cemstrustion of proper equi-
replicate bdalanced designs. .

There ave situstions Mke comparigon of new
varieties of seeds of which sre in short supply vhexe
equal replicstion of trestamts is not possible., Thewe
ey also be contexts in vhich the availsble fov animals
mummmmwm
conventional designs, For sush eizcumstances ve have



I Ti4Qce

proposed a aystemsiio nethod of eanstruction of balsmeed
neery designs with equal or unequal repliostions snd equal
or wnegqual block sises.

The medhod of Kronecker produst has been forwmally
introduced $0 the litersture for Abe construstion of proper
oquireplioate balanced n-ary designs, and the methods is
otntained in the following results.

1f ¥, and Ny are tvo BIB designs vith peremeters
Vo Bes Pyo Kyy 7y 804 vy Dy Fpo Koo ,nmunm
pesitive integral walues of
8y h ), 8,K(1,hg)2K, ea N xE(1yDy) 18 in geneval & jwoper
squireplicate nvexy design provided 8y%8,*1 = a,

12 N, and ¥, are two balanced jweper equireplicate
ny=sry sl n,vsry designs in v trestnmis vith by By
Blacks yespeciively, for positive integere
6y and agy -,m.:,m,-.,-,xm,n,) is a w~exy balsnced
squiseplicate proper design with b.b, Mlocks vheve
neag (ny=1) %0, (n =) o1,






